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Abstract. The deformation problem for pseudoholomorphic curves and related geo- 
metrical properties of the total moduli space of pseudoholomorphic curves are studied. 
A sufficient condition for the saddle point property of the total moduli space is estab- 
lished. The local symplectic isotopy problem is formulated and solved for the case of 
imbedded pseudoholomorphic curves. It is shown that any two symplectically imbedded 
surfaces E ,Ei c CP 2 of the same degree d ^ 6 are symplectically isotopic. 



0. Introduction 
The symplectic isotopy problem can be formulated as follows: 

For a given symplectic 4- dimensional manifold (X,uj) and symplectically imbedded com- 
pact connected oriented surfaces So, Si C X in the same homology class [A] e H 2 pT,Z) ; 
does there exist an isotopy {S t } te [ 0i i] connecting S with Si such that all S t are also 
symplectically imbedded? 

In this case S and Si are called symplectically isotopic. Note that by the genus 
formula for pseudoholomorphic curves (see Section [I]) So and Si have the same genus. 
The example of Fintushel and Stern |Fi-St|| (see Section ^ for details) shows that in general 



the answer is negative. On the other hand, Sikorav ||Sk-3|| gives an affirmative answer in 
the case of surfaces of positive degree d ^ 3 in CP 2 . So it is natural to ask under which 
conditions on (X,u) and [A] G H 2 (X, Z) the symplectic isotopy does exist. 

In this paper techniques involving pseudoholomorphic curves are developed in directions 
needed for solving the symplectic isotopy problem. The main result is the following 

Theorem 1. Two symplectically imbedded compact connected oriented surfaces S ,Si C 
CP 2 of the same positive degree d ^ 6 are symplectically isotopic. 

The proof is based on the solution of two problems which are closely related to the 
symplectic isotopy problem and concern the geometry of the total moduli space of pseu- 
doholomorphic curves. The first result is a sufficient condition for the saddle point property 
of the total moduli space of pseudoholomorphic curves. This removes one of the obstacles 
to the existence of a symplectic isotopy and is applied to solve the local symplectic isotopy 
problem for imbedded pseudoholomorphic curves. The latter appears as a necessary part 
of the global problem. 

The obtained progress gives hope that the symplectic isotopy problem has an affirmative 
solution in the case ci(X,u;)[A] > 0. Note that compact symplectic 4-manifolds with this 
property are classified: Up to the case when [A] is represented by an exceptional sphere, 
these are symplectic blow-ups of a rational or ruled symplectic manifold, see ||McD-Sa^3|1 , 
Corollary 1.5, and also Section [!]. 

0.1. Overview of main results. There is essentially only one known method of con- 



structing symplectic isotopies. Having its origin in Gromov's celebrated article ||Gro|| , it 
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utilizes moduli spaces of pseudoholomorphic curves. One fixes a homotopy h(t) := J t , 
t G [0,1], of cu-tame almost complex structures and considers the relative moduli space, 

:={(C,t) : C is an imbedded J r holomorphic curve in the homology class 

equipped with a natural topology and with the projection n h : (C,t) G ^ t G [0,1]. 
It follows essentially from [ |Gro|| that for a generic homotopy h(t) = J t the space 
is a smooth manifold of expected dimension dim^./^ = 2ci(X,a;)[A] + 2g — 1 and the 
projection 7T/j is also smooth. Moreover, if this dimension is positive, then there exists a 
generic path h(t) = J t such that the original surface E (resp. Si) is J -holomorphic (resp. 
Ji-holomorphic) so that (Ej,i) G for z = 0,1. Using a trivial but crucial observation 
that for every (C,t) G the curve C is an cu-symplectic real surface, one tries to find 
the desired isotopy E t by constructing a continuous section c: t G [0,1] h (Et,t) G 
connecting (E ,0) with (Ei,l). 

One can easily see possible obstacles to the existence of such a section a : [0,1] — > 
The first one is that the projection tt^ : — > [0,1], considered as a function, can have 
local maxima and minima. Indeed, if some (C*,t*) G J^h appears as a local maximum 
of 7T/i, then for all t > t* there exists no J r holomorphic curves sufficiently close to C*. 
Observe that the mere fact of existence of a J t -holomorphic curve C t for t > t* does not 
help much, because this does not imply that such a curve C t is symplectically isotopic to 
Eq or Ei. Note that exactly the existence of J-holomorphic curves is the main technical 



tool in the Gromov's article IIGro 



On the other hand, this obstacle does not appear in the case when the projection 717, 
has the following saddle point property: the Hesse matrix of 7T/j at any critical point has 
at least one positive and at least one negative eigenvalues. In Section we prove 

Theorem 2. Assume that c\(X,uj)[A] > 0. Then for a generic homotopy h(t) all critical 
points of the projection ir h : — ► [0, 1] are saddle. 

On the other hand, we also show that in the case Ci(X,a>)[A] local maxima and 
minima of the projection tc^ : Jft^ — > [0, 1] do exist in the case of an apropriate generic 
choice of h. Note that in the example of Fintushel and Stern [ F>5t| one has ci(X,o;)[A] = 
0. 

The next obstacle to existence of the desired section a : [0, 1] — > comes from the 
fact that in general is not compact and the projection 7T/, is not proper. This means 
that while attempting to construct the section a : [0,1] — > we go to "infinity" in the 
space The Gromov compactness theorem provides control on the limiting behavior of 
curves C t in this case. It says that some subsequence, say C tn , converges in a certain weak 
sense to a pseudoholomorphic curve C* in the same homology class [A]. The curve C* 
can have several irreducible components, some of them multiple, and also several singular 
points. Thus we come to a problem of describing symplectic isotopy classes of imbedded 
pseudoholomorphic curves close to a given singular curve C*. 

Here we have essentially two different difficulties. The first one comes from multiple 
components. At the moment, we have no remedy for this problem. So we appempt to avoid 
the appearence of multiple components. This is done by imposing the following additional 
constraint. We consider the curves C t which pass through fixed points x = (xi,... ,Xk) 
on X. This means, however, that now we must consider a new moduli space ^h,x with 
a new projection Kh,x '■ ^h,x [0, 1]. In Section [| we also show that if the number k of 
the fixed points is strictly less than ci(X,u;)L4], then the saddle point property for 717^ 
remains valid. An easy calculation shows that fixing k = 3d—l generic points on CP 2 , we 
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can avoid the appearance of multiple components in pseudoholomorphic curves of degree 
d ^ 6. This explains the restriction in the main theorem. 

In the case when C* has no multiple components we still have to describe the possible 
symplectic isotopy classes of imbedded pseudoholomorphic curves close to C*. Recall 
that by the result of Micallef and White (see Paragraph \1.'4 ) every singular point of C* 
is isolated and topologically equivalent to a singular point of a usual holomorphic curve. 
In this way we come to the local symplectic isotopy problem which asks about possible 
symplectic isotopy types of imbedded pseudoholomorphic curves in a neighborhood of a 
given isolated singularity, see Paragraph \6.2\ for details. 

The solution of the local symplectic isotopy problem is based on the simple observation 
that for holomorphic curves this problem has a trivial solution. Namely, a generic holo- 
morphic deformation of a given (local) holomorphic curve C* gives a non-singular curve 
C, and the set of such curves is open and connected. Using this fact, we expoit essentially 
the same method as in the case of the global problem and prove that it is possible to 
deform isotopically an imbedded pseudoholomorphic curve C sufficiently close to a given 
singular curve C* into a genuine holomorphic curve. In this way we prove 

Theorem 3. There exists a unique symplectic isotopy class of non-singular pseudoholo- 
morphic curves which are close to a given pseudoholomorphic curve C* without multiple 
components. 

It should be noted that in the proof the saddle point property from Theorem 2 is 
used in an essential way. Theorem 1 follows now by the procedure of avoiding multiple 
components as it is explained above. 

Further technical results of the paper are as follows. Section ^ is devoted to the de- 
formation problem of pseudoholomorphic maps with prescribed singularities. It is shown 
that the subspace of such maps is an immerced submanifold of expected codimension in 
the total moduli space of pseudoholomorphic maps. In Section [| the second variation of 
the <9-equation is computed. The result establishes the relationship between the geome- 
try of a pseudoholomorphic curve C* corresponding to a critical point of the projection 
7Ch '■ s^h —>■ [0,1] and the eigenvalues of the Hesse matix d 2 TCh at this point. Combined 
with transversality results, this yields the proof of Theorem 2. Finally, in Section [5| the 
problem of smoothing of nodal points on pseudoholomorphic curves is studied. 

Acknowledgements. The author would like to express his gratitude to A. Huckleberry, 
S. Ivashkovich, St. Nemirovski, St. Orevkov, B. Siebert and J.-C. Sikorav for numerous 
useful conversations, suggestions and remarks. 

1. Deformation and the normal sheaf of pseudoholomorphic curves 

In this section we give a brief description of pseudoholomorphic curves and the related 
deformation theory. 

1.1. Pseudoholomorphic curves. First we collect some facts from the Gromov's the- 



ory. Since there are several books devoted to or treating this theme (see e.g. |[McD-Sa^I 



or [|McD-Sa-2|| ) we only mention the basic definitions and results we shall use later. 



Definition 1.1.1. An almost complex structure on a manifold X is an endomorphism J e 
TM of the tangent bundle such that J 2 = —Id. The pair (X, J) is called an almost complex 
manifold. One of the most important classes of such manifolds appears in symplectic 
geometry. An almost complex structure on a symplectic manifold (X,u) is called u- 
tame if u(v,Jv) > for any non-zero tangent vector v. It is well-known that the set 
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of cj-tame almost complex structures is non-empty and contractible, (see e.g. ||Gro| 



McU-Sa-l], or [ |McD-Sa^2| ). In particular, any two w-tame almost complex structures Jo 



and J i can be connected by a homotopy (path) J t ,t G [0,1], inside 

Definition 1.1.2. A parameterized J-holomorphic curve in an almost complex manifold 
(X, J) is given by a (connected) Riemann surface S with a complex structure Js on S 1 
and a non-constant C 1 -map m : S — > X satisfying the Cauchy- Riemann equation 

du + JoduoJ s = 0. (1.1.1) 

In this case we call ii a ( Js, J)-holomorphic map, or simply J-holomorphic map. Here we 
use the fact that if u is not constant, then such a structure Js is unique. We shall also 
use the notion J -curve which, depending on the context, will mean a map u : S — > X, 
i.e. a parameterized curve in X, or an image u(S) of J-holomorphic map, taken with 
appropriate multiplicity, i.e. a non-parameterized J-curve. 

The equation is elliptic with the Cauchy-Riemann symbol. This provides regu- 

larity properties for u. In particular, u is Holder C /+1,Q -smooth, u G C l+1,a (S,X), provided 
J G C l,a with integer / ^ 1 and < a < 1. To simplify the notations we set £ := I + a 
and write C l to indicate C /,Q -smoothness. In what follows we shall assume that almost 
complex structures J on X are C £ -smooth for some fixed sufficiently big non-integer i. 

An easy consequence of the tameness condition is that any J-holomorphic imbedding 
u: S — > X with J G is symplectic i.e. the pull-back u*u is non-degenerate on S. The 
converse is also true: Any C^ +1 -smooth symplectic imbedding u : S — > X with £ > 1 is 
J-holomorphic for some C -smooth cu-tame structure J. For immersions the situation is 
more complicated. We state a result in a setting which will be relevant later on (see, e.g. 
[ Gro| or [ |McD-Sa-2|| for details). 



Lemma 1.1.1. Let (X,u) be a symplectic manifold with dim^X = 4 ; and u : S —>■ X an 

uj '-symplectic C l -map such that u(S) has only simple transversal positive self-intersection 
points. 

Then there exist an u-tame almost complex structure J on X and a complex structure 
Js on S and making u a J-holomorphic map. 

It is worth to make the following remark. If x G X is a self-intersection point of 
u, x = u(zi) = u(z 2 ) with Z\ 7^ z 2 , such that the tangent planes du{T Zi ) C T X X are 
transversal and complex with respect to some structure J x in T X X, then the intersection 
index of planes du{T Zi ) in x is positive. However, it is possible that two symplectic planes 
Li in (M 4 ,tt;) have negative intersection index. 

More detailed considerations lead to the genus formula (also called adjunction formula) 
for immersed symplectic surfaces in symplectic four-folds. For this let (X,u) be a sym- 
plectic manifold of dimension 4, S := U^i'Sj a compact oriented surface and u : S — > X 
an immersion with only transversal self- intersection points. Denote by Qj the genus of Sj, 
by [C] the homology class of the image C := u(S), [C] 2 the homological self-intersection 
number of [C], and by ci(X) the first Chern class of (X,u). Define the geometric self- 
intersection number 5 of M = u(S) as the algebraic number of pairs z' ^ z" G S with 
u(z') = u(z"), taken with the sign corresponding to the intersection index. 
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Lemma 1.1.2. Suppose that u : S — > A is a symplectic immersion which is compatible 
with the orientation on each component Sj of S . Then 



w-ync\ +d _ s . (LL2) 



=1 



An elementary proof uses the fact that for a symplectic immersion u : S — > (X,u) one 
has Ci(A)[C] = x{S) + x{N), where N is the normal bundle and x denotes the Euler 



characteristic. Finally, one observes that x(N) = [C] —25. For details, see ||Iv-Sh-l 



1.2. Local structure of pseudoholomorphic curves. For the most results of this 
paragraph we refer to ||Mi-Wh|| where a very precise description of the local structure 
of pseudoholomorphic curves is given. As a rough summary, one can say that the local 
behavior of (non-parameterized) pseudoholomorphic curves is essentially the same as for 
usual holomorphic curves. 



Lemma 1.2.1. ([ Mi-WhlP Let (X,J) be an almost complex manifold o/dimcA = n, 
u : S — > X a J -holomorphic map, and x G X a point. Suppose that J G C 2 and that 
for any x' G X sufficiently close to x the pre-image u^ 1 (x) is finite. Then there exist 
neighborhoods U C X of x, U' C C n of E C™ and a C 1 - diffeomorphism <p : U — > U' such 
that C := <f(u(S) C\U) is a proper analytic curve in U' and such that ip*(J x ) = J 5 t, where 
J st is the standard complex structure in C n . 

In particular, the notion of a (local) irreducible component of a J-holomorphic curve 
C = u(S) is well-defined. Further, in the special case when (A, J) is an almost complex 
surface one can correctly define 

i) the intersection index 5ij(x) G N of two local components Cj and Cj at x G A, and 



£) the nodal number 5i{x) G N of a local component Cj at x G A (see ||Mi]|| , §10 and 
DeGnition PI). 



The main properties of these local invariants are summarized in 

Lemma 1.2.2. i) If x G CiC\Cj, then 5ij(x) ^ 1. The equality holds if and only if Ci and 
Cj are smooth and intersect transversally in x; 
H) The set {z G S : 5i{u(z)) > 0} is discrete in S; 

Hi) Suppose additionally that S = U° ! =1 5'j is a closed surface and u : 5* — » A is an 
imbedding almost everywhere on S. Set C := u(S). Denote by 5 the sum of all local 
intersection indices 5ij(x) and all local nodal numbers 5i(x), the homology class of C by 
[C], and the genera of particular components Sj by gj. Then 

EUgi jci^xm +d _^ (l2l) 

The formula ( |1.2.1| ) is the genus formula for pseudoholomorphic curves. We shall also 
apply a local version of this result. Here we say that a pseudoholomorphic curve C 
in a symplectic manifold A is parameterized by a real surface S if there exists a map 
u : S — > A which is an imbedding outside a discrete subset in S. Such a surface S, 
possibly not connected, can be constructed as the normalization of C C A. 

Lemma 1.2.3. Let B C M 4 be the unit ball equipped with the standard symplectic structure 
uj st , and C\, C2 pseudoholomorphic curves in B. Assume that the boundaries of the curves 
dCi are imbedded in the boundary of the ball OB, are sufficiently close to each other, and 
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that every Cj meets transversally dB. Denote by Xi the Euler characteristic of the surface 
Si parameterizing Ci and by Si the sum of the nodal number of singular points of Ci . Then 

X 1 - 25 1 = X 2 - 25 2 (1.2.2) 



Proof. It is shown in | ]lv-Sh-l| | that every Cj can be perturbed to a nearby pseudoholo- 



morphic curve C[ in such a way that every singular point x G Cj with the nodal number 
8x{Ci) ^ 2 "splits" into 5 x (Ci) nodal points on the perturbed curve i.e. the points 
where exactly two branches of C[ meet transversally. By this procedure the topology of 
each Si and the whole nodal number of every Ci remain unchanged. After this, one can 
replace a sufficiently small neighborhood of every nodal point x G C[ by a symplectically 
imbedded handle. This "symplectic surgery of C" produce imbedded pseudoholomorphic 
curves Cf with X{C'{) = Xi -2S { . 

Moreover, all this can be carried out with the boundaries dCi unchanged. Further, the 
hypothesis of the lemma implies that the boundaries dCi are transversal to the standard 
symplectic structure on dB = S 3 and are isotopic as transversal links, see |[Iv-Sh-l|| and 



[Elif . Now one applies the theorem of Bennequin ||Bn|| , see also ||Eli|| , which claims that 



up to sign convention, X(C") is the Bennequin index of dCi and depends only on the 
transversal isotopy class of 9Cj. The lemma follows. □ 



The result of Micallef and White, Lemma 1.2.1 , is not sufficient for our purpose, be- 
cause it does not allow us to control local structure of pseudoholomorphic curves under 
deformation. A necessary tool is provided by the following statement proven in Pv-Sh- 1|| . 



Here and thereafter A denotes the unit disc in C equipped with the standard complex 
structure. 

Lemma 1.2.4. Suppose that a f G Ll^.(A,C n ) is not identically and satisfies a.e. 
the inequality 

\df(z)\^h(z)-\z\ k -\f(z)\ (1.2.3) 

for some k G N and nonnegative h G L^ oc (A) with 2 < p < oo. Then 

f(z)=z^(P^(z) + z k g(z)), (1.2.4) 

where \x G N, is a polynomial in z of degree ^ k with P^(0) ^ 0, and g G 

L^(A,C«)<->C°<« ; a = 1-1 withg(0) = Q. 

Using this result one can obtain the following description of the local behavior of a 
pseudoholomorphic map. Note that on a given almost complex manifold (A, J) in a 
neighborhood of a given point Xq G A there exist an (integrable) complex structure J* 
with J*(xo) = J(xo) and J*-holomorphic coordinates w%, . . . ,w n , n = dimcAT- 

Lemma 1.2.5. i) Assume that J is C l -smooth and u : A — ► X is a non-constant J- 
holomorphic map with «(0) = x . Then in coordinates w\,... ,w n chosen as above in a 
neighborhood of Xq G X the map u has the form 

u{z) = z^P^- 1) {z) + z 2 ^- 1 -v{z), (1.2.5) 

where fj, G N, P^^^z) is a complex C n -valued polynomial of degree ^ ll — 1 with 
p(M-i)(o) ^ 0, and v(z) G L 1,P (A,C ?1 ) with v(0) = 0. 

ii) Assume that J is C 1 -smooth and let Ui,u 2 ■ A — > X be J -holomorphic maps such 
that u\ is an immersion and ^2(0) G Ui(A). Then there exists r G]0,1[ such that either 
u 2 (A(r)) C ui(A) or u 2 (A(r)) Dui(A) = u 2 (0). 
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in) Let J be a C -smooth almost complex structure on the ball BcC" with J(0) = J s t(0), 
and let U\,U2 '■ A — > B be J-holomorphic maps with Wi(0) = ^(O) = G B, such that 
Ui ^ u 2 . 

Then there exists a uniquely defined v G N and w(z) G C 1 (A,C n ) such that 

u 1 (z)-u 2 {z)=z u w(z). (1.2.6) 



Proof. The first and second parts of the lemma are proven in |[Ty-Sh-l|l . For the third 



see Remark 1.6 and Section 6 of IMi-Wh 



Definition 1.2.1. If for an appropriate local complex coordinate z on S a J-holomorphic 
map u '. S — ► X has the form (|1.2.5| ), then we call the (uniquely defined) \x the multiplicity 
of u at the point z — 0. 

Definition 1.2.2. A J-holomorphic map u : S —>■ X is multiple if there exists a non- 
empty U C S such that the restriction u\ v can be represented as a composition u\ v = u' o ip 
where u' : A — > X is a J-holomorphic map and </? : C/ — > A is a (branched) covering of 
degree m ^ 2. In other words, w is multiple if some part of the image u(S) is multiply 
covered by u. 

1.3. Deformation of pseudoholomorphic maps and the Gromov operator D Ui j. 
Roughly speaking, the main idea of the Gromov's theory is to construct and study J- 
holomorphic curves in a symplectic manifold (X, ui) for some special ( e.g. integrable) 
J. Often, one can show the existence of a J -holomorphic curve with some other almost 



complex structure Jo, see e.g. Lemma 1 . If both J and Jo are tu-tame, then there exists 
a homotopy {Jt}te[o,i] from J to Ji = J. Hence one could try to deform the constructed 
Jo-holomorphic map no : S — > X into a Ji-holomorphic one using the continuity principle. 
The first step in this direction is to study the linearization of (i.e. the first variation) the 
equation ( [L.l.l|) . This means that we are interested in the first differential of the section 
o-q. 

Fix a compact surface S of genus g. Denote by J?s the Banach manifold of C 1,Q -smooth 
complex structures on S with some fixed a G ]0, 1[. Thus 

J? s = {J s G C^(S, End(TS)) : j| = -Id} (1.3.1) 

and the tangent space to at Js is 

Tjsfs = {le C l ' a (S, End(T5)) : J S I + U S = 0} = C 1,a (S,A 0,1 S®TS), (1.3.2) 

where A°' 1 S' denotes the line bundle of (0,l)-form on S. 

Let J? be an open connected subset in the Banach manifold of all C^-smooth almost 
complex structures on X for some fixed non-integer i > 2. In our context the most 
interesting example is the set of C^-smooth cu-tame almost complex structures on X. 
The tangent space to ^ at J consists of C £ -smooth J-antilinear endomorphisms of TX, 

TjJ = {I g C\X, End(TX)) : JJ + JJ = 0} = C e (X, A^X^TX), (1.3.3) 

where A 0,1 X denotes the complex bundle of (0,l)-forms on X. 

Fix p with 2 < p < 00. Then the set L l,p (S,X) of all Sobolev L 1,p -smooth maps from 
S to X is a Banach manifold. For u G L 1 ' p (5', A) we denote 

E u := u*TX. (1.3.4) 

In this notation, the tangent space at u G J 1 ' P (S',A) is T U L 1,P (S,X) = J 1 ' P (S', the 
space of J 1,p -smooth sections of the pulled-back tangent bundle of X. 
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Fix a homology class [C] G H 2 (X, Z) and consider the set 

y = {ueL 1 ' p {S,X) :u(S) e [C]} (1.3.5) 

of maps u representing the class [C\. Then is open in L 1,P (S,X) and has the same 
tangent space, T u Sf = L 1,P (S,E U ). Since J? is connected, the first Chern class Ci(X, J) 
is constant on J? . We shall denote it simply by C\{X). Set 

fj,:=( Cl (X),[C]). (1.3.6) 

Consider the subset C 5? x ^5 x ^ consisting of all triples (u, Js, J) with it being 
(Js, J)-holomorphic, 

^ = {(u,J s ,J)eyx f s x f :du + JoduoJ s = 0}. (1.3.7) 

Let V be some symmetric connection on TX. Covariant differentiation of ( PL.1.1[ ) gives 
the equation for the tangent space to @* . Namely, a vector (v,Js,J) is tangent to £P at 
the point (u, Js, J) if it satisfies the equation 

Vf + Jo Vf o J s + (V„ J) o(duo J s ) + Jo duo J s + Jo duo J s = 0. (1.3.8) 

Definition 1.3.1. a) For a complex bundle E over S let 

LJ 0)1) (,S,£) :=L p (S,E®AWS) (1.3.9) 

denote the Banach space of L p -integrable E- valued (0,l)-forms on S. 

b) Let u be a J-holomorphic curve in X. Define the operator D u j : L 1,P (S,E U ) — ► 
L\q,i)(.S-,E u ) as 

D Uii7 (u) := Vw + JoVvoJ s + (V v J)oduoJ s (1.3.10) 

c) Define complex Banach bundles <f and # ' over x ^5 x J? by 

${u,j s ,j) '■= L 1,P (S,E U ) and := L* 0)1) (S, . (1.3.11) 



These bundles are C -smooth and the formula ( |1.3.10|) defines a IR-linear homomorphism 
D = D Uj j Sj j : $ — > $' which is C -smooth. The bundle S is essentially the tangent 
bundle to y whereas <S' appears as the space where the equation "lives" . More 

precisely, ( |1.1.1|) defines a section o-q of £", 

a d :(u,J s ,J)eyx J? s x J? h-> (du + Joduo J s ) e ^ U) j 3)J) , (1.3.12) 

such that the equation ( |1.1.1|) reads a-g(u,Js,J) = 0. The space & appears then as the 
zero set of the section o-q. 

Remark. Here and thereafter we use the normalization J| = Jj + iJ^, deviating from 
the usual convention Jj = | • + ij^). The same normalization is used for all operators 
with Cauchy-Riemann symbol. 

Lemma 1.3.1. Let ^ be a Banach manifold, $ — > JT and $' — > 2£ C 1 -smooth Banach 
bundles over X ' , V and V linear connections in $ and $' respectively, a a C 1 -smooth 
section of $ ' , and D : <S — > $ ' a C 1 -smooth bundle homomorphism. 

i) If o~(x) = for some x G 3£ , then the map Va x : T x 3£ — > S x is independent of the 
choice of the connection V in S ' ; 
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ii) Set K x := Ker(D x : S x — > and Q x := Coker(D x : S x — * S x ) with the corresponding 
imbedding i x : K x — > S x and projection p x : S' x — > Q x . Let V Hom be the connection in 
Horn (cf,^') induced by the connections V and V. Then the map 

p x o(y Hom D x )oi x : T x & -> Horn (i^Q,) (1.3.13) 

zs independent of the choice of connections V and V'. 

Remark. Taking this lemma into account, we shall use the following notation. For 
cr G r(j3r,<?), D G T(^T, Horn (^,^")) and x G =3T as in the hypothesis of the lemma we 
shall denote by Va x : T X S£ — > <§ x and VD :T x iTx KerD x — > Coker/J^. the corresponding 
operators without pointing out which connections were used to define them. 

Proof, i) Let V be another connection in <f . Then V has the form V = V + A for some 
A G r(JT , Horn {TSPj End(<f ))). So for f G T X SC we obtain V c a - V 5 a = A(^«r(a;)) = 0. 

ii) Similarly, let V be another connection in and let V Hom be the connection in 
Horn (£,£') induced by V and V'. Then V' also has the form V = V + A' for some A' G 
r(JT,Hom(TJT,End(^ / )))- So for £ G T^JT we obtain V^ om D — V^ om -D = A'^oD,- 
£*2;oA((). The statement of the lemma now follows from the identities p x oD x = and 
D x oi x = 0. □ 



Remark. The operator D u j is the linearization of the equation ( |1 . 1 . 1 ) . Thus Lemma 



\1.3. J| shows that the definition of D u j is independent of the choice of V. In particular, 
one can also use non-symmetric connections, e.g. those compatible with J, as it is done 
in ||Gro|| . However, it is convenient to have a fixed connection considering varying almost 
complex structures J on X. But this is impossible for V compatible with J. On the other 
hand, with a symmetric connection computations become simpler. 

The operator D u j, as well as the equation ( |1 . 1 . 1 ) itself, is elliptic of order 1 with 



the Cauchy-Riemann symbol. This implies standard regularity properties for D u j. In 
particular, the kernel and the cokernel are of finite dimension. The Riemann-Roch formula 
gives the index of D u J : 

dimKKer/^j-dimffiCokerZ^j = 2- (v+n{l-g)), (1.3.14) 

where \i := C\[X) ■ [it(S')], g is the genus of S, and n the complex dimension of X, i.e. 
n := IdimigX. The factor 2 appears because we compute real, not complex dimensions of 
the (co)kernel. 

1.4. Holomorphic structure on the induced bundle. Now we want to understand 
the structure of the operator D Uy j in more detail. Note that the pulled-back bundle 
E u = u*TX carries a complex structure, namely J itself, or more accurately u* J. However, 
the operator D := D u j is only IR-linear. So we decompose it into J-linear and J-antilinear 
parts. Namely, for v G L 1 ' P {S,E) we write Dv = \ (Dv - JD(Jv)) +\{Dv + JD(Jv)) = 
d UyJ v + R(v). 

Definition 1.4.1. The J-linear part d Uy j of the operator D Uy j is called the d-operator 
associated with a J -holomorphic map u. 

By the definition, the operator d Ui j : L 1,P (S,E U ) — > ^(S,E U ) is J-linear. The 
following statement is well known in the smooth case. 
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Lemma 1.4.1. Let S be a Riemann surface with a complex structure Js and E a L 1,p 

p 



smooth complex vector bundle of rank r over S . Let also d E '■ L l,p (S,E) — > L? d(S, E) be 



a complex linear differential operator satisfying the condition 

dE{ft) = d s f®S + f-d E S, (1.4.1) 

where ds is the Cauchy-Riemann operator on S associated to Js- Then the sheaf 

UcS^0(E)(U) :={^eL^ p (U,E) : d E £ = 0} (1.4.2) 

is coherent and locally free of rank r. This defines a holomorphic structure on E for which 
&e is the associated Cauchy-Riemann operator. 

Remark. The condition (|1.4.1| ) means that d E is of order 1 and has the Cauchy-Riemann 
symbol. For the proof we refer to [ |Iv-Sh-l|| and ||Iv-Sh-2|| for the general case, or to |[H-L-S]| 
for the case of line bundles. 

Thus, according to Lemma |J.4.i| , the operator d Ut j defines a holomorphic structure on 
the bundle E u . We shall denote by 0(E U ) the sheaf of holomorphic sections of E u . The 
tangent bundle TS to our Riemann surface also carries a natural holomorphic structure. 
We shall denote by <ff(TS) the corresponding coherent sheaf. 

Denote by Nj(v,w) the Nijenhuis torsion tensor of the almost complex structure J, 
(see e.g. ||Ko-JNo| , Vol.II., p.123.) Q 

Lemma 1.4.2. i) The J-antilinear part R of D u j is related to u and J by the formula 

R(v)(0=Nj(v,du(0) ZeTS. (1.4.3) 

Thus R is a continuous J-antilinear operator from E to A°' l S (3 E u of order zero which 
satisfies Rodu = 0, i.e. R(du(r)),£) = for all 7/,£ 6 TS. 

H) If u is non-constant, then du defines an injective analytic morphism of coherent 
sheaves 

du 







G{E U ). 



1.4.4) 



Proof, i) Formula ( |1.4.3|) can be found in |[McD-2|| . The rest of part i) follows from the 
well-known fact that Nj(v,w) is skew-symmetric and J-antilinear in both arguments. 
ii) The fact that du : TS — > E u defines a morphism between coherent sheaves &{TS) and 
G{Eu) means that du is a holomorphic section oiT*S®E u . This is equivalent to relation 

duods = d Uj jodu. (1.4.5) 

For the proof of this fact we refer to [Pv-Sh-l|| and ||Iv-Sh-2| . 



Injectivity of the sheaf homomorphism du is equivalent to its nondegeneracy which is 
the case in our context. □ 
The zeros of the analytic morphism du : &(TS) — > &{E U ) are isolated. So we obtain 



Corollary 1.4.3. ( |]Mi-Wh| , [ fSk- 1| | ) The set of critical points of a J -holomorphic map is 
discrete, provided J is of class C 1 . 

Definition 1.4.2. By the order of zero ord p du of the differential du at a point p G S we 
shall understand the order of vanishing at p of the holomorphic morphism du : 



It follows from Lemma \1.4.% that ord p du is a well-defined non-negative integer. 



1 Note that in [ Ko-No another normalization constant is used. However, this is not essential for our 
purpose. 
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1.5. The normal sheaf of a pseudoholomorphic curve. From Ql.4.4 ) we obtain the 
following short exact sequence of coherent sheaves 

_> 0(TS) @{E U ) — — > 0, (1.5.1) 



where := iff (E) / du(<ff (T S)) is the quotient sheaf. It follows from Lemma 1.4. 2\ n) that 



there is a decomposition = &(N U ) @jV* in& where N u is a holomorphic vector bundle 
and ^V u sing = ® ze s C° rdzdu * s a discrete sheaf with support in the set of critical points a, 
of u with the stalk C™ 1 of dimension n$ := ord ai du at every such point cij. 

Definition 1.5.1. The quotient sheaf := & (E) / du{T S) is called the normal sheaf of 
a J-curve u : S ^ X , N u the normal bundle to the J-curve u : S — > X, and [A] := ^n,[ai] 
the branching divisor of the J-curve u : S —>■ X. 

Denote by ^(L4]) the sheaf of meromorphic functions on S having poles of order at 
most ^ at a«. Then ( p..5.1| ) gives rise to the exact sequence of coherent sheaves 

— > @{TS) ® 0{[A\) &{E U ) — > @{N U ) — > 0. (1.5.2) 

The holomorphic structure in N u defines the Cauchy-Riemann operator : L l,p (S,N u ) 
— ► L P Q ^(S, N u ). Lemma \L.4.2j implies that the homomorphism R : E u — > E u (g) A^ ' 1 ) S 
induces a J-antilinear bundle homomorphism Rjy : N u — > N U ^>A^ 0,1 'S. Define the operator 

D^j:L^(S,N u )^L P m (S,N u ) by D»j:=d N + R N . (1.5.3) 

Definition 1.5.2. Let i£ be a holomorphic vector bundle over a compact Riemann surface 
S of genus g and let D : L 1 ' P (5,E) -> LP(S, A ' 1 ^®^) be an operator of the form D = d+R 
where R G D>(S, Hom R (E, A^S ® E)) with 2 < p < oo. Define H^E) := KerD and 
H^S 1 , £7) := CokerD. The groups H l D (S,E) are referred to as D-cohomology groups of E. 

The Riemann- Roch formula gives the index of D, 

\nd K D:=d\mMS 1 E)-d\ mK H 1 D (S,E) = 2(c l (E) + rank(E)(l-g)). (1.5.4) 

Remark. Taking into account the elliptic regularity of the Cauchy-Riemann operator, 
for given S, E and R G L p , 2 < p < oo, one can define H l D (S,E) as the (co)kernel of 
the operator d + R : L l > q (S,E) -> L 9 (S, A ' 1 ^ <g> £) for any q G ]l,p]. So the definition 
is independent of the choice of the functional spaces. Note also that the \~\\)(S, E) are of 
finite dimension provided that S is closed. For details, see e.g. [[lv-Sh-1 . 



The following lemmas contain main properties of D-cohomologies which will be used 
later. For complete proofs we refer to ||Iv-Sh-l|| and [[Iv-Sh-2 . 



Lemma 1.5.1. (Serre duality for D-cohomologies.) Let E be a holomorphic vector bundle 
over a compact Riemann surface S and let D : L 1,P (S,E) — > L P Q1 JS,E) be an operator 

of the form D = d + R, where R G L P (S, Hom R (£, A^S^E)) with 2 < p < oo. Let 
Ks '■= A 1,0 S be the canonical holomorphic line bundle of S. Then there exists the naturally 
defined operator 

D* = d-R*: L^ P (S, E* <g> K s ) -> L p 01) {S, E* ® K s ) (1.5.5) 

with R* G L P (S, Hovn R (E*®Ks,A > 1 S®E*®K s )) and the natural isomorphisms 

H° D (S,EY = HUS,E*®K S ), 

^(S^y = H° D .(S,E*®K S ), { ' 
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induced by the pairings 

(peH° D (S,E), ^eL p Q1) (S,E*®K s ) i-foV) :=Re/ s V°<P 
1>eH° D (S,E*®K s ), ipeL p {Qtl) (S,E) ^ M) :=ReJ s ^o<f 

If, in addition, R is C-antilinear, then R* is also C-antilinear. 



;i.5.7) 



Remark. The lemma expresses the well-known relation Ker(D*) = (\ir\D) 1 - between a 
linear operator D and its adjoint. It is worth observing that the spaces themselves and 
the duality are defined only over the real numbers R and not over C. 



Lemma 1.5.2. ( [|H-L-S|| , Vanishing theorem for D-cohomologies.) Let S be a closed Rie- 
mann surface of genus g and L a holomorphic line bundle over S , equipped with a differ- 
ential operator D = d + R with R G L P (S, Hom R (L, A^S^L)), p>2. If c x {L) < 0, then 
H° D (S,L)=0. Ifc x (L) >2g-2, then H 1 D (S,L) = 0. 

The importance of the operator D = d + R lies in the fact that we can associate with 
the short exact sequence fll.5.1 ) the long exact sequence of D-cohomologies. Note, that 
due to Lemma 1.4.% we obtain the short exact sequence of complexes 

— >L l *{S,TS) L^{S,E) L l *{S,E) I du{L^{S,TS)) — >0 



du 



V 



0^L P m (S,TS) 
where D is induced by D = D u j 



^(0,1) 



(S,E) 



pr 



D 



(1.5.8) 

L P m (S,E) / du(L P m (S,TS)) ^0 



Lemma 1.5.3. For D as in fllX^) , KerD = H° D (S,N U ) ®H°(S,^ u s ' ing ) and CokerD = 
^ D (S,N U ). 

Proof. For an open set U C S let T D (U,E U ) := {v G tf£(U,E u ) : Dv = 0}. Use 
the analogous notation for N u . Consider the sheaves U i— > T(U, &(TS) ), U \— > T D (U,E U ), 
and U I— > T D (U,N U ) ffi T(U,J\Q m& ). It is easy to show that the first two columns of the 
diagram (|1.5.8|) define fine resolutions of the sheaves &(TS) and Td(-,E u ). Moreover, 
du defines injective homomorphisms between these sheaves and between their resolutions. 
An explicit computation shows that Td( ■ , N U )®T(- , ^u'" e ) * s the corresponding quotient 
sheaf and that the third column of ( 1.5.8|) is its resolution. For details, see |[Iv-Sh-l|| . □ 



Corollary 1.5.4. The short exact sequence ( |1.5.1 ) induces the long exact sequence of 
D-cohomologies 

s 







H°(S,TS) 
H l (S,TS) 



"°d(S,E) 
"h(S,E) 



H° D (S,N u )®H°(S,^ u sin *) 



0. 



2. The total moduli space of pseudoholomorphic curves 

2.1. Transversality. Any deformation of a given J-holomorphic map u : S — > X defines 
a path in the space & of pseudoholomorphic maps. Thus to construct such a deformation 
we want to equip the space & with a structure of a smooth Banach manifold. 

Note that by definition the set & is the zero set of the section o-q of the bundle i.e. 
the intersection of the images of o-q and the zero-section cr - Thus we are interested in 
which points these sections meet transversally. The analysis of the problem leads to the 
following 
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Definition 2.1.1. Let JT, & , and 3? be Banach manifolds with C £ -smooth maps / : 
<W -> and # : jT ^ O 1. Define the fiber product W x x % by setting 
^ x -3 k- 5° := { G ^ x iF : f{y) = g(z) }. The map / is called transversal to g at a 
point G ^ x^r iF with x := /(y) = g(z), and is called a transversality point, if 
the map df y ®dg z :T y ^ ®T z f^ — > T X 2J is surjective and admits a closed complement to 
its kernel. The set of transversality points (y,z) G ^ y. x 2? will be denoted by <& x% 
with ftl symbolizing the transversality condition. 

We say that / : <3f — > 3£ is transversal to g : iF — > if every point (y, 2;) G ^ x ^ is 
a transversality point. In particular, if ^ consists of a point 16 J and the imbedding 
{x} SC is transversal to g, we call x a regular value of g. Note that by this definition 
any x G 2£\g{3?) is a regular value of g. 

In the special case when the map g : 3? — > S£ is a closed imbedding, the fiber product 
^ x^r is simply the preimage f~ l Sf of 2f C. 3£ . In particular, every point (y,z) G 
^ xyf is completely defined by its component y G ^ , z = f(y) G 3? C In this case 
we simply say that / : W — > i£* is transversal to 2? at y £ W , if and only if (y,f(y)) is a 
transversal point of ^ x%- 3? = 



Lemma 2.1.1. T/ie se£ ^ x r open m ^ Xj 5° and zs a C e -smooth Banach man- 
ifold with tangent space 

4^= K er {df y ®d{-g z ) : T y W ®T z 3f -> T X ,T). (2.1.1) 

Proof. Fix w := (jfo,zb) G ^ x^ ^ and set K := Ker (df yo ® dg zo : T yo &®T zo 2f -> 
T x Let Q be a closed complement to ifo- Then the map d/ yo ®dg zo : Qo - ► T'x^ is 
an isomorphism. 

Due to the choice of Qo, there exists a neighborhood V C ^ x 3? of (2/0,^0) and C*- 
smooth maps w' : V — > il"o and w" : V — > Qo, such that dw' WQ (resp. dw'^ Q ) is the projection 
from T yo ^ ©T 20 iF onto K (resp. onto Qo), so that (w',w") are coordinates in some 
smaller neighborhood V\ C W X of Wq — (jjq,zo). It remains to consider the equation 
f(y) = g(z) in new coordinates (w',w") and apply the implicit function theorem. □ 



Due to Lemma \2.1.1\ , the set is a Banach manifold at those points (n, J5, J) G ^ 
where cig is transversal to <t . However, at any point (u, J5, J;0) on the zero section o~ of 
we have the natural decomposition 

T M ,j ; o)£' = do- (T (M) (y xjf s x J?)) ©< n , JsiJ) , (2.1.2) 

where the first component is the tangent space to the zero section of $' and the second 
one is the tangent space to the fiber SI Jg «. 

Let P2 denote the projection on the second component. Then the transversality erg and 
do is equivalent to the surjectivity of the map p2°da-Q : T{ Ut j St j){^ x J! s x ^ ) — > Jg ^, 
i.e. to the surjectivity of the operator 

Vag : T u l} ,v {S, X) ffi Tj s T g @T Ja fl — ^ Jfl>J) 
Vcrg : (f , J5, J) 1 — ► Duj^v + J oduo J s + J °duo J s . 

By Definition \1.5.2\ , the quotient of ^ Js ^ with respect to the image of D u j is H^S 1 , _E U ). 
The induced map 

TjsJs 3 ^5 Jorfno j 5 g H^(5,E U ) (2.1.3) 
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is also easy to describe. Recall that for a given complex structure Js on S one has the 
Dolbeault isomorphism 

H^TS) = Coker(d: C 2 ' a {S,TS) — ► Cj^ (S, TS) ) (2.1.4) 

with the operator d associated to Js- Recall also that C^ a ^(S,TS) is the tangent space 
Tj Sa fls- This shows that the map ( |2.1.3| ) is the same as the map Jodu : H 1 (S',TS') 



Hp(S,E u ) and, due to identity Jodu = duoJ s and Corollary \1.5.4{ , its cokernel is 

It remains to study the image of Tj J! in Hq(S,N u ). 

Definition 2.1.2. For (u,J s ,J) G & we define * = ^( U ,J) : Tj ^ -> &Lj n by setting 

*(u,j)(«j) : = Joduojg. Let * = * (Ui j) : T Jc / -> H^^JVu) be induced by Finally, 
define ^* := {(it, Js, J) G ^ : w is injective in generic z G 5 1 }. 

Remark. One can show that @ > \&* consists of multiple curves for which the map 
u : (S,J,s) — > {X,J) admits a factorization u = u'og for some non-trivial holomorphic 
branched covering g : (S,Js) — > (S',J' S ) and a J-holomorphic map w' : (S',J' S ) — ► X. On 
the other hand, for any (w, J5, J) G ^* the map u is a smooth imbedding outside finitely 
many points in S. For details see ||Mi-Wh|| or ||lv-Sh-l|| . 

Lemma 2.1.2. (Infinitesimal transversality) . Let (u,Js,J) G . Then the operator 
:Tj J? — > H^S 1 , iV u ) zs surjective. 

Proof. Choose some nonempty open set V C S, such that u\ v is an imbedding. Use 
Serre duality {Lemma [131 ) and find a basis ^,...^e H^(5',iV r * = H^,(5',iV)*. 

Note that ^ satisfy the equation = 0, where the operator D = D N *, SlKs is of 



the form d + R. One can show (see e.g. [|Iv-Sh-l|| or [|H-L-S|| ) that any solution v of the 



equation (d + R)v = is J^-smooth and furthermore such a v is either identically zero 
or has isolated zeros. 

This implies that there exist I\,...Li G C e (S, N <g> A^ ' 1 ^) with supports supp(Jj) in V 
such that the matrix (Re j^io Ij) i - =l is non-degenerate. Since u\ v is a C^ +1 -smooth 

imbedding, any such I± can be represented in the form Ii = Jioduo J s with some Jj G 
C e (X,Eud(TX)) with Jo j 4 + j <0 J = 0. The latter relation means that j G T Jc /. □ 

Corollary 2.1.3. is a C l -smooth Banach manifold with the tangent space 

T {UiJsiJ) &* = {{vJ s ,j) : D u ,jv + Joduoj s + joduoj s = 0}. (2.1.5) 

Remark. £P* is in general smaller than the set := o-q x*, cr of all transversality 
points of & . On the other hand, it is sufficient for applications to consider only the space 
&>*. 

2.2. Moduli space of pseudoholomorphic curves. The space & (see (|1.3.7| )) of all 
pseudoholomorphic maps is too big. Indeed, one has a natural right action of the group 
3>iff+{S) of the orientation preserving C 2 ' a -smooth diffeomorphisms of S on the product 
y x J? s x J? given by formula 

(u,J s ,J)eyxJf s x c /,gem+(S) — (u,J s ,J)-g:=(uog,J s og,J), (2.2.1) 

such that 2? and are invariant with respect to this action. It is natural to consider 
(u,Js,J) G & and (u,Js,J) ■ g as two parameterization of the same a J-curve. In other 
words, we are interested in the quotient space Stiff + (S) rather than the space & 
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itself. As in Yang-Mills theory one can treat the group Stiff + (S) as the gauge group of 
the problem and the quotient as the corresponding moduli space. Again as in Yang-Mills 
theory it is useful to know in which points the quotient spaces 2? / Stiff + {S) is a Banach 
manifold. 

First we consider the action of the group Stiff + {S) on the space ^fs- Note that if 
J's,J's £ cfs are related by Jg = J' s og for some C 1 -diffeomorphism g : S — > S, then g is 
(Jg,Jg) -holomorphic. Since J' s and Jg are C 1,a! -smooth, elliptic regularity implies that g 
is C 2 ' a -smooth. 

Further, it is known that the action of Stiff + (S) on J?s admits a global finite-dimen- 
sional slice. To describe this slice we recall some standard facts from Teichmiiller theory. 

Denote by T g the Teichmiiller space of marked complex structures on S. This is a 
complex manifold of dimension 

fo if = 0; 

dim c T 3 = < 1 if = 1; (2.2.2) 

[30-3 if£>2; 

which can be completely characterized in the following way. 

Proposition 2.2.1. The product SxT g admits a (non-unique) complex (i.e. holomor- 
phic) structure Jsxt such that: 

i) The natural projection ttj : S x T g — > T g is holomorphic, so that for any t G T g the 
identification S = S x {t} induces the complex structure Js{ r ) '■= Jsxt\sx{t} 071 ^> 

ii) For any complex structure Is on S there exist a uniquely defined r G T g and a 
diffeomorphism f : S — > S homotopic to the identity map Ids '■ S — > S such that Is = 

f*Js(r); 

Hi) Moreover, for any finite- dimensional manifold Y and any smooth map H :Y — > J?s 
there exist maps F :Y — > Stiff +(S) and h:Y^T such that H(y) = (F(y))*h(y); 

iv) The group G of automorphisms of S x T g preserving the projection onto T g is 

[PG1(2,C) for g = 0, 

G= < Sp(2, Z) xT 2 for g = l, (2.2.3) 
I discrete for g ^ 2; 

v) The tangent space to T g at r is canonically isomorphic to H 1 (S',TS') where S is 
equipped with the structure Js(t)- The group H°(S,TS) is canonically isomorphic to the 
Lie algebra of G. 

We shall assume that such a structure Jsxt is fixed. Then we obtain an imbedding 
T J?s given by r G T 1— > Js(r) G ^5. Using it, we identify T with its image in ^5. 
For any J 5 G T g this induces a monomorphism Tj s T g <^-> Tj s J? s = C^ a ^(S,TS). Now, 
the isomorphism Tj s T s = H 1 (S',TS') mentioned in v) is obtained as the composition 

T Js T 3 T J5 ^ 5 = CfaftTS) — CfaftTWdiC^ftTS)) = H\S,TS). (2.2.4) 

By our construction, any ^^ f + (S')-orbit in ^5 intersects T. This implies that instead 
of & j Stiff +{S) we can consider the quotient ^n(e/xTx ^5) by the action of G. 

Definition 2.2.1. Let ~# := £P* fl x T x J? s ) and use the same the notations to the 
restrictions of the bundles £ and <#" onto M and for the induced operator D : $ — > S" '. 
The quotient := ^#/G is the total moduli space of parameterized pseudoholomorphic 
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curves. It is equipped with the projection pry : — > J? . Elements of ^ are denoted 
by [u,J\. To indicate the surface S, the ambient manifold X, and the homology class 
[C] G H 2 (X, Z) involved in the definition of ^ we shall also use the notation ^(S,X, [C]). 

The same meaning have the notations ^{S,X, [C]) and ^{S,X, [C\). 

Lemma 2.2.2. . i) The projection pr : M — > is a principal G -bundle. 

H) The bundles $ and £' over jtft admit a natural C e -smooth G-action such that D : 
$ — > $' is G -invariant. 

m) For any J G ^ and any non-multiple J -holomorphic map u : S — > X i/iere exists a 
diffeomorphism <p : 5 — > 5 snc/i i/ioi [uop, J] /zes m Moreover, such element of \M is 
unique. 

Remarks. 1. Part H) of the lemma is equivalent to the existence of C -smooth bundles 
Sj( and <§'jj over M and a C^ _1 -smooth bundle homomorphism Dj( : — > which 

lift to the corresponding objects over M ' . Later on we drop the sub-index ^, so that, e.g. 
£ will denote also the corresponding bundle over <dt ' . 

2. Our main interest is the space jtft ' . However, in the proofs below we shall mostly 
work with jtft '. The reason is that an element (u,Js,J) G fixes a parameterization of 
a pseudoholomorphic curve, whereas [u,J] G M defines only an appropriate equivalence 
class of parameterizations. 
Proof. Part i). 

Case g ^ 2. It is known that in this case G acts properly discontinuously on T g . This 
implies that the same is true for the action of G on ^ . Moreover, it is clear that G 
acts freely on M ' . Consequently, the map — ► = ^#/G is simply an (unbranched) 
covering. 

Case g = 0. In this case S = S 2 , T = { J st }, and the action of G on S is generated by 
holomorphic vector fields, i.e. by the space H°(S,TS). One can show that the action of 
G on is generated by vector fields 

(u, J st , J) G (du(u),0,0) G T {U; j 5uJ) ^ with v G H°(S,TS) fixed. (2.2.5) 

In particular, the action is smooth or, more precisely, C -smooth. 

Consequently, for a given (u°, J st , J°) G we can find a closed complementing space 
y C T( u o iJsti jo)^# to (m°(H°(S',TS')),0,0). Represent it as the tangent space of a subman- 

ifold W C ^through (u°, J st , J°), T (u o , Jst ,jo)W = f. li Y is chosen sufficiently small, 
then it intersects every orbit G- (u,J st ,J) transversally in exactly one point. Moreover, 
we have a G-invariant diffeomorphism G • W = G x W, so that W is a local slice of 
G-action at J st , J°). This equips the quotient jtft jG with a structure of a smooth 
Banach manifold such that the projection W — > = ^ jG is a C -smooth chart. 

Case <? = 1 is a combination of the above two cases. First we consider the action of 
T 2 <G. The existence of a local T 2 -slice W through any given (u°,Jg,J°) G Jtft can 
be shown by copying the construction of Case g — 0. This implies that — > Jfa /T 2 
is a principle T 2 -bundle. Then we repeat the argument of Case g ^ 2 and show that 
jfjT 2 — > JljG is an unbranched covering with the group Sp(2,Z) = G/T 2 . This 
completes the proof of part i). 

Part £). The action of G extends in a natural way to an action on 3? :— S x xT x ^ . 
The evaluation map ev : iF — > X, ev(z,u,Js,J) '■= u(z) is G-equivariant. Consequently, 
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the bundle E := ev*TX over 5° is equipped with the natural G-action. The action of G 
on E induces the actions on section spaces <§ and £' . Since all constructions are natural, 
D : S — > $ ' is G-invariant. 

Finally, it remains to note that the action of G on the bundles $ and $' over ^# is 
C -smooth. 

Part Hi) of the lemma states the universality property of j$ which easily follows from the 
definitions. □ 

Corollary 2.2.3. is a C l -smooth Banach manifold and tt y : ^ — > J? is a Fredholm 
map. For [u, J] G ^ there exist natural isomorphisms 

Kzx{dKj:T [uA J?^TjJ?) = H° D (S,^ U ), 
Coker (dirjf :T {uA J(^Tjf) = H l D {S,JQ. 
In particular, the index of n j is equal to 

ind R 7r, = xrOX) = 2 (/x + (n - 3)(1 - g)) , (2.2.6) 

where fi = (ci(X), [C]). 

Proof. The C £ -smooth structure on is is the quotient structure defined by the the 
C^-smooth G-action on <M . 

Using Corollary ft.l.Sj we see that the tangent space to ~# is 

T {u , JsyJ) J^={{v,j s ,j) : j s eT Js T, D UvJ v + Joduoj s + joduoJ s = 0}. (2.2.7) 

Consider the natural projection ir^> : 0P* — > J? , (u,Js,J) i— ► J with the differential 
d*<? : T (UiJsjJ) ^* -> Tj^ given by (v, j s , J) G T (UjJsiJ) ^* h-> j G Tj^. 
The kernel Ker(o?7r^) consists of solutions t> G <^( u ,j) of the equation 

D u ,jv + Jo duo j s = Q (2.2.8) 

with Js G Tj s T. Since the map 7? : */# — > ^# is a principle G-bundle, the kernel Ker (dn y : 
T(m,j)^ — * Tj a f) is obtained from Ker(<i7r) by taking the quotient by the tangent space 
to the fiber G- (u, Js, J) which is equal to du(H°(S,TS)). Using the relations H°(S,TS) = 
Ker(d TS : L l ' p (S,TS) -> L P (S,TS ® A^S), T Js T g = H l (S,TS) = Coker(d T s), and 
duodxs — D( u ^j}odu, we conclude that the space Ker (ofay) is isomorphic to the quotient 

{veL l > p {S,E u ) : Dv = du{y) for some <p G L P (S,TS® A (0 ' 1) S)}/^(L 1 ' P (5,T5)). 

(2.2.9) 



Hence, by Lemma \l.5.3j , Ker(diry : Tj^j]^ — > Tj ^) = \\ Q D (S,J\Q. In particular, 
Ker (ofay) is finite dimensional. 

Similarly, the image of ofa y consists of those J for which the equation 

D uJ v + Joduoj s + JoduoJs = (2.2.10) 

has a solution (v, Js)- Using (|1.5.8j ) and Lemma \1.5.3j we obtain the relations Im (ofa y) = 
Ker^ and Coker(ofa) = H^S, JV U ). 

This implies the Fredholm property for the projection 7r y : ^ — > J? and the formula 
ind(<i7r^) = ind(^ / K t ). □ 

We conclude the paragraph with a description of the deformations of non-closed pseu- 
doholomorphic curves. 
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Definition 2.2.2. Let S = SUdS be a compact non-closed oriented surface with the 
boundary dS consisting of finitely many circles. Denote by ^fs the (Banach) space of 
complex structure on S which are compatible with the orientation of S and C £ -smooth 
up to boundary dS. As usual let 

&{S,X) := {(u, J s , J) e L^(S,X) x/ s x/: d JsJ u = 0}, (2.2.11) 

the space of pseudoholomorphic maps equipped it with the natural projections pr ^ s : 
&(S,X) — > J?s and pry : &(S,X) — > J? . The fibers of the projections are denoted 
by 0>(S,X,J) = pr^(J), 0>(S,J s ,X) = prJ s (J s ), and &>(S,J S ,X,J) = ^(S,J 5 ,X)n 
£P(S,X,J) respectively. 



Lemma 2.2.4. i) Let S be a non-closed oriented surface. Then 

i) the space £P(S,X) is a Banach submanifolds of L 1,P (S,X) x x J? ; 

H) For any (u,Js,J) G &{S,X), the operators dpXj : T( u Js J - ) &(S 1 X) — > Tj J? and 
dpr jr s : T( u j S) j-)£?>(S,X) — * Tj s J? are surjective and split. In particular, £P(S;X,J) and 
£P(S,Js',X) are are Banach submanifolds of £P(S,X); 

in) For any (u,Js,J) G &(S,X), the submanifolds £P(S;X,J) and £P(S,Js',X) are 
transversal in (u,Js,J); in particular, £P(S,Js',X,J) = £P(S;X, J) fl £P(S, Js',X) is also 
a Banach submanifold; 

iv) The the tangent spaces are given by 

T MtJ) ^{S,X) = {(v,j s ,j)eT u L 1 *(S,X)xTj s ^ s xTjJ? : 

D U}J v + joduoJ s + Joduoj s = 0}; (2.2.12) 
T( u ,j s )^{S;X, J) = {(v,j s ,j)eT^j SjJ) ^(S,X) 
T {UtJ) ^(S,J s ;X) = {(v,j s ,j)eT {u! j S}J) ^(S,X) 

T U &(S,J S ;X,J) = {(v,j s ,j)eT iU} j SjJ) ^(S,X) 



j = 0}; (2.2.13) 
j 5 = 0}; (2.2.14) 
j 5 = = j}. (2.2.15) 



Proof. The lemma is obtained by the transversality techniques of Paragraph [2J| using 
the following claim: For any (u,Js,J) G &(S,X) the operator D u J : L 1,P (C,E U ) — > 
L P Q ^(C,E U ) is surjective. Since D u j is elliptic, this is a standard fact following from 
compactness and non-closedness of S. □ 

2.3. Transversality II. Before stating further results, we introduce some new notation. 
Here S is a closed real surface. 

Definition 2.3.1. Let Y be a C £ -smooth finite-dimensional manifold, possibly with non- 
empty C £ -smooth boundary dY, and h : Y — > J? a C^-smooth map. Define the relative 
Moduli space 

Jl h : = Y Xjr J( ^ { (u, J s , y) E <y xT g xY : (u,J s ,h(y)) G ,^*}/G (2.3.1) 

with the natural projection n h : ^ h — > Y. In the special case Y = {J} , we obtain 

the Moduli space of J-holomorphic curves := irZ (J). The projection n h : — > F is 
a fibration with a fiber vr / ^ 1 (?/) = ^h{ y )- We shall denote elements of by [tt,y], where 
u : 5 — > X is a /i(y)-holomorphic map. 



The next two lemmas follow from the transversality theory. 
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Lemma 2.3.1. Let Y be a C e -smooth finite-dimensional manifold, and h : Y — > J? 
a C e -smooth map. Then is a C l -smooth manifold in some neighborhood of a point 
[u,y] G with J := h(y) if and only if the map ^ u jodh : T U Y — ► H\ ) (S,N U ) is surjective. 
In this case the tangent space to jtfth is 

T [U:y] ^ h = Ker(D © * odh : S uMy) © T y Y — > % My) ) / du(H°(S,TS)) (2.3.2) 

Proof. We reformulate the transversality condition and use Lemma \2. 1. 1 . □ 

Lemma 2.3.2. i) There exists a Baire subset ^ reg C ^ such that any J G J? is a 
regular value of n & : — > ^ . 

£) There exists a Baire subset "V in the space C £ ([0,1], J?}, such that any map h : 
[0,1] — ► ^ from "V is transversal to ~k j : j$ — ► J? and both h(0) and h(l) are regular 
values of irj . 

Remark. In general, for any finite-dimensional manifold Y with boundary dY there 
exists a Baire subset Y C C e (Y, a f) such that any h G Y, as well as its restriction h\ dY 
are transversal to 7r/. The proof uses the Sard lemma. 

Lemma 2.3.3. Suppose that S is the sphere S 2 and dirriR(X) = 4. Then the exists a 
connected Baire subset ^ ree C J? such that any J G ^ is a regular value of ir a : j$ — > 
J? . Moreover, any Jq,Ji G can be connected by a smooth path h : [0,1] — > iy f ree - 



Proof. By Lemma \2.3.2\ , there exists a Baire subset ^f reg C J? such that any J G J^ Kg 



is a regular value of 7ty. Further, any J$,J\ G ^ reg can be connected by a smooth path 
h : [0, 1] — > transversal to 7iy. 

For any such path h : [0,1] — > ^ and any [u,i] G with = J the map 
^u,j°dh : T t [0, 1] = R — ► H^S 1 , iV u ) is surjective by Lemma |2.3. J| . Consequently, 
for such u and J we have dimKH} 3 (S', = dim (S*, N u ) ^ 1. 

Recall that the difference dim K H5 ) (S', N u ) — dim K H] :) (S', N u ) is even, see (|1.5.4j ). Hence, 
if dim K H 1 (5', N u ) = 1 then Hq(S,N u ) should also be nontrivial. On the other hand, the 
condition dim^X) = 4 implies that N u is a line bundle. But, in view of Lemma 1.5.2, on 
the sphere S = S 2 one of the spaces H l D (S,N u ) must be trivial. 

Thus, we see that for any such path h and any [u,t] G one has H^S 1 , ,jV u ) = 0. This 
means that h takes values in ^ reg . □ 

For higher genus g(S) ^ 1 we have a similar, but weaker result. 

Lemma 2.3.4. Assume that dim R X = 4 and g := g(S) ^ 1 and set fi := ci(X)[u(S)}. 
Then 

/i^dim c H°(S,^ sing ) + (2.3.3) 
for any [u,J] G Jt with H 1 (5,iV u ) = R. 



Proof. The condition dim^X = 4 means that N u is a line bundle. Thus, by Lemma 1.5.2 



N 



H 1 ^, jV u ) ^ R implies ct(N u ) ^2g-2. Further, since dimRH 1 ^, jV u ) = 1 and \nd R D* 
dim R H^(S , ,X u )-dim 1R H^(S , ,X u ) is even, see ( |1.5.4j ), we conclude that dim R H° D (S,N U ) > 1. 
Consequently, \nd R D^j ^ 0. The formula (|1.5.4|) for \nd R D^j yields ci(N u ) ^ g - 1. 
Finally, the definition of ^ yields the relation // = ci(X) [«(£)] = Ci(£? u ) = ^(TS 1 )-!- 
Cl (X u ) + dim c H (S,^ ing ). □ 
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2.4. Pseudoholomorphic curves through fixed points. In this paragraph we con- 
sider the total moduli space of pseudoholomorphic curves passing through given fixed 
points Xi,... ,x m G X. Gromov in [|Gro| proposed a method to reduce this problem to 
the one of pseudoholomorphic curves without such constraints. The idea is to blow up 
X in the points xi,... ,x m and consider the curves on the blown-up space X. He has 
shown that a C £ -smooth almost complex structure J on X lifts to a C -smooth almost 
complex structure J on X such that the natural projection pr : X — » X is holomorphic 
and such that every J-holomorphic curve C in X passing through x±,... ,x m lifts to a 
unique J-holomorphic curve C in X with C = pr(C). 

Our aim here is to make an explicit construction for the moduli space of pseudoholomor- 
phic curves passing through fixed points. Since the construction is simply a modification 
of the case m = where no points are marked, we shall mostly skip or merely indicate 
proof of claims. 

We begin by introducing some notation. Denote by x = (xi,...x m ) the tuple of fixed 
points on X, which are supposed to be pairwise distinct. Also fix a tuple z = (zi, . . . ,z m ) 
of pairwise distinct points on the surface S. Define 

y(z,x) := {u G y = l}> p (S,X) : u(zi) = a*}; 

&>(S,z;X,x) :={(u,J s ,J) G & : u G &{z,x)}\ 

&>*(S,z;X,x) := &>{S,z;X,x)n&>*{S,X). 

The linearization of the conditions u(zi) = yields the equations v{z.j) = for v G T u y = 
L 1,P (S,E U ). Denote as above E = E u := u*TX, and set Ei = E u>i := (E u ) Zi = T U ^X. 
Then we obtain the bundle E z over J? with a fiber (E z ) u := @E U ^ equipped with the 
natural evaluation homomorphism ev z :S^E Z 

ev z :ve<g u = L^iS, E) i-> (v( Zl ),. . . ,v(z m )) G E z . 

It is easy to see that ev z : § — > E z is surjective. This means that the equations u(zi) = Xi 
are transversal and implies that y(z,x) is a Banach submanifold of y with the tangent 
space 

T u y(z,x) = {ve T u y = L l *(S,E u ) : v{ Zi ) = 0}. (2.4.1) 

The same argument shows that £P*(S,z;X,x) is also a Banach submanifold of £P*(S,X) 
with the tangent space 

T v 0>*(S,z;X,x) = {(vjsj) G T U ^*(S,X) : v( Zi ) = 0}. 

Let Stiff + (S,z) be the subgroup of those g G Stiff +(S) which fix the marked points 
zi,...,z m . Then £tiff + (S,z) leaves the subsets y(z,x) C y and £?*(S,z;X,x) C 
&(S,X) invariant. So we can define the total moduli space of pseudoholomorphic curves 
through the given points x\,... ,x m as the quotient ^{x) := &>*(S, z;X, x)/ @iff + (S, z). 
This space is equipped with the natural projection 7r j : J%(x) — > J? defined in an obvious 
way. 

The smooth structure on j#.{x) is constructed in the same way as it was for . First, 
one constructs a global slice on the action of &iff + {S,z) on flg. To do this, we consider 
the action of the component of Stiff (S,z) the group Stiff + (S,z) containing the identity. 
The quotient J? s / Stiff o(S,z) is the Teichmuller space T 9/m of complex structures on a 
Riemann surface of genus g = g{S) with m punctures. The marked points Zi, . . . ,z m are 
the positions of punctures. 
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As in the case m = 0, one can imbed T 9im in ^fs m such a way that the composition 
T 9 , m ^ Js -» c/s/^iffviSiZ) ^ T 3jm is the identity map. This imbedding T 9;m <-> ^ 
is the desired slice. The choice of such imbedding T g , m > J? s is equivalent to the choice 
of the complex structure •/.<.* on the product T g>m x S. One considers T g>m x S 1 with 
this complex structure and with the holomorphic projection pr : T g>m T g , m as the 

universal family corresponding to T g>m . 

After the choice of the slice T Sim ^#(cc) is obtained as the quotient of the space 



(x) := {(u,J s ,J) e &*(S,z;X,x) : J s G T g , m } 

by the group G of biholomorphisms of T s>m x 5 preserving the projection pr : T fl>m 
T g>m . It is discrete except the cases where g = and m = 1 or 2. In the case m = 1, 
S^l^} is the complex plane C and G is its automorphism group C* k C. Similarly, in 
the case m = 2, S\{zi, is the punctured complex plane C* and G = Z 2 k C* is likewise 
its automorphism group. In either case one can construct a local slice for the action of G 
on jjt (x) by repeating the arguments of Paragraph |27|. So the quotient ..#(x)/G is a 
C^-smooth Banach manifold. 

Now we define the notion of the normal sheaf of a pseudoholomorphic curve passing 
through fixed points on X. In this new situation, the linearization of <9-equations leads 
to the operator 

D = D U>J : {v e l}> p (S,E u ) : v( Zi ) = for i = 1, . . . ,m} -> Lj^ (2.4.2) 

which is the usual Gromov operator D = D u ^j, but now considered with a new domain of 
definition 

■= {v e L l *{S,E u ) : v{ Zi ) = for % = 1, . . . ,m}. 

The space ^ j£C is the kernel of the evaluation homomorphism ev 2 : S u ^ E z and is the 
tangent plane to ^(2,21), see (|2.4.1| ). 

We now describe the structure of the operator fl2.4.2|) . Recall that we have the de- 
composition D u j = d u j + R u ,j, see Paragraph Observe that the sheaf &{E u )\—z\ of 
holomorphic sections of &{E U ) vanishing at the points Zi, . . . ,z m £ 5" is locally free and 
hence corresponds to a holomorphic bundle. Let us denote this bundle by E u _ z . 

Lemma 2.4.1. i) The (co)kernel of the operator 

d u ,j : {v 6 L^(S,E U ) : v(z t ) = for i = 1, . . . ,m} - L P ^(S,E), (2.4.3) 

is canonically isomorphic to the cohomology groups H^(S,E U) - Z ) and H^(S,E U _ Z ) . 
h) The operator D u j induces the operator 

D u ,-z,j '■ L ,P (S,E U) _ Z ) — > L P 01 JS, E u _ z ) 

which is of the form D u _ z j = d u - z ^j + Ru- z ,j, where d u - Zy j is the Cauchy-Riemann 
operator corresponding to the natural holomorphic structure in E u _ z and R u - Z ,j is a 
C-antilinear L°° '-bounded bundle homomorphism, i.e. 

Ru,- z ,j e (S, H^ C (E U ,- Z , E Ut . z <g> A^S)) . 

m) The ( co jkernel of the operator 

D u ,j : {v e L 1,P (S, E u ) : v( Zi ) = for i = 1, . . . , m} -> L p 01) (S, E) (2.4.4) 

is canonically isomorphic to the cohomology groups \-\° D (S,E u ^ z ) and \\\)(S, E u - Z ) corre- 
sponding to the operator D u z j. 
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Proof. Fix local holomorphic coordinates Q on S, each centered at the corresponding 
marked point Zj. Consider the natural inclusions 

j° : L^(S,E U ^ Z ) ^{ve L l *{S,E u ) : v( Zi ) = for z = 1, . . . ,m}, (2-4.5) 

j 1 : LJ 0i1) (S', j B Mj _ z ) - L P m (S,E u ). (2.4.6) 

Observe that t> G L 1,P (S', with = belongs to L^ y AS,E u ^ z ) if and only if locally 
near every it has the form v(Q) = Ci w (d) f° r some (uniquely defined!) L 1,p -section 
w(Q) of E u _ z . This is equivalent to the condition Ci 9 Ui jv(Q) as weu as to the 

condition ^ D UjJ v(Q) G L p . Consequently, D u j restricted to L 1 ' P (S', E u _ z ) takes values 
in L^ ^ (5*, £„_ z ). This yields the operator D u - Zj j. Moreover, j is of order 1 and has 

the Cauchy-Riemann symbol. Consequently, it has the form D u _ z ,j = d u - z ,j + R u -z,j, 
where d u - Z) j is the Cauchy-Riemann operator corresponding to the holomorphic structure 
in E Uj - z , and R u - Z) j is the C-antilinear part of D u _ z j. 

Let vi(Q),... ,v n (d) be a local holomorphic frame of E u in a neighborhood of and 
Rapid) the matrix of R Ut j in this frame. Then Qvi(Q),... ,d v n(d) is a local frame of 
E u - Z - From C-antilinearity of R Uy j we obtain 

i4,j(0M0)) = J2p R a/3((i)(iVp((i) = E/3 1^(0) -CiVjaCC*)- 

This shows that ^-i^^i) is the matrix of R u - Z ,j in the frame d v i(d): . . . ,d v n(d)- Recall 
that R U) j is a continuous bundle homomorphism (see Lemma \1.4.2\ , i)). So we see that 
Ru,-z,j is also continuous outside the marked points Zj and has singularities of the form 
j^R u j at Zi. In particular, R u _ z j is of type L°°, but is not continuous in general. 

The equality of the kernels of the operators in i) and H) with the corresponding 0- 
cohomology groups follows directly from the definition of the operators d u - z ,j and D u - Z ,j- 
The equality for 1-cohomology groups will be shown only for the operator D u _ z ,ji the 
other one is carried out in the same manner. So let ip G L P Q ^(S,E U ^ Z ). If ip = D u - Z j(v) 
for v G L 1 ' p (S ) E u _ z )i then v G L 1,P (S, E u ) and j l (p = D UjJ (v), or more precisely 
j x ip = D U} j(j°(v)). This shows that the inclusion j 1 in ( |2.4.6[ ) induces a well-defined ho- 
momorphism from H\)(S,E U _ Z ) to the cokernel of ( |2.4.4| ). Moreover, ip G L p ^(S,E U _ Z ) 
induces the zero class in the cokernel of (|2.4.4| ) if and only if j 1 ^) = D Uy j(v) for some 
v G L X ' P {S,E U ) with v(zi) = 0. But then locally 

by the definition of the inclusion E u - Z This implies that u G L 1,P (S,E U - Z )- Thus 

the homomorphism induces by j 1 is injective. 

Further, for any 9? G ^(S 1 , -E u ) there exists v G L 1,P (S,E U ) which vanishes at all Zi 
and solves the equation ip = D u J {y) in a neighborhood of every Zi . Then ip — D u J {v) 
represents the same class in the cokernel of ( |2.4.4 ) and is of the form <p — D u ^j(v) = j 1 ^) 
for some ip G L p ^(S,E Ut _ z )- This finishes the proof of the claim Hi). □ 

Now we define the normal sheaf of a pseudoholomorphic curve passing through fixed 
points. The construction is completely analogous to that in the case of no fixed points. 
Here, instead of the tangent bundle TS we use the bundle related the new situation. 
This is the bundle TS- Z associated to the locally free coherent sheaf @{TS)[— z] of local 
holomorphic sections of TS vanishing at the points Z{. One can prove the analog of 
Lemma \2.4.1\ for TS- Z - Observe however, that such a result follows immediately from 
that lemma if we set X = S and u = \d s . 
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As in Paragraph |J.5| , we obtain the sheaf homomorphism du : &(TS- Z ) — > &{E U 
which is injective for non-constant u : S — > X. Now, the normal sheaf to curve C 
u(S) passing through the points x = (xi,... ,x m ) is defined as the quotient ^K,,x '■= 
6{E u _ z )jdu{6^TS- z ^)) together with the exact sequence 

__> 0(TS_ z ) ^ 0{E Vt . z ) — Ji, x — * 0. (2.4.7) 

The sheaf jY u>x can be decomposed into its regular part jV^i anc ^ its singular part -4^ s !£ g , 
where JV^!- I s locally free and •yV*^ g is a torsion sheaf. Then 'jV^x I s a sheaf of local 
holomorphic sections of the normal bundle N U}X to curve C = u(S) passing through the 
points x = (xi, . . . ,x m ), so that ^V u re x = 0(N UtX ). 

As in Paragraph |TT^, we also obtain the exact sequence 

— @(TS_ z )®0(\A}) 0{E u> _ z )0{N UtX ) — 0. (2.4.8) 

where [A] is the branching divisor of du (see Definition \1.5.1\ ). This implies that the 
regular part &(N U)X ) is the quotient 

#(N U , X ) = 0{E u> _ x )/du(0{TS. x )®0{[A])). 

From the definition of E u _ z and T5*_ z we obtain the isomorphism 

ff{N u , x ) = 0(N u )®ff([A}). 

On the other hand, the singular part remains the same as is the case without constraints: 

Further, we observe that the operators d on TS^ Z and D u _ z j in E u _ z commute with 
the homomorphism du : T>S , _ Z — > E u _ z . Consequently, D u _ z J induces the operator 

D»_ Z>J : L 1,P (S,N U _ X ) - L P Q>1) (S,N^ X ) 

with the properties similar to ones of (|1.5.3| ). Further, as in Lemma \1.5.3j and Corollary 
1.5.4 we obtain a long exact sequence of Z)-cohomologies. 



Proposition 2.4.2. The short exact sequence ( |2.4.7 ) induces the long exact sequence of 
D - cohomologies 

— H°(S,TS- Z ) — (£,£„,-,) — H° D (S,A u ,_ z )©H (S,^ sin s) 

— H^TS.,) — H^S, — H^AV*) — 0. 



Finally, we note that the results of Paragraphs \2.'J^ and remain valid, after an 
appropriate modification, also for curves passing through fixed points. We state without 
the proof the summary of results which will be used later. 

Theorem 2.4.3. i) The total moduli space ^ x of pseudoholomorphic curves in a given 
homology class [C] 6 h^p^Z) passing through fixed pairwise distinct points x = (x%,... , 
x m ) on X is a C -smooth Banach submanifold of '\dt of real codimension 2m. In particular, 
the projection tt ^ : J% x — > ^ is a C l -smooth Fredholm map of index 

2( Cl (X)[C] + (n-3)(l-g)-m). 

h) For a generic Je and a generic C e -smooth path h : [0, 1] — > J? the fiber 
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and the relative moduli space 

J(h,* ■= [0,1] X jf^ x 

are C -smooth manifolds of expected dimension 2(ci(X)[C] + (n — 3)(1 — g) — m) and 
2(ci(X)[C] + (n — 3)(1 — g) — m) + 1 respectively. 



3. Cusp-curves in the moduli space. 

In this section we study the problem of deformation of pseudoholomorphic curves with 
prescribed singularities and develop the techniques required for controlling their singu- 
larities under deformation. As the main result of this section we show that the locus of 
pseudoholomorphic curves with a prescribed type of singularity is a smooth Banach sub- 
manifold of expected codimension in the total moduli space of pseudoholomorphic curves. 



This improvement of the result of Micallef and White (see Lemma 1.2.1 ) plays a crucial 
role below in Section § in the proof of the saddle point property. 

Recall that our moduli space ^ consists of parameterized non-multiple pseudoholo- 
morphic curves, i.e. pseudoholomorphic maps from a fixed real surface S modulo repa- 
rameterizations. 

Definition 3.0.1. A point z G S on a J-holomorphic curve u : S — > X is a cusp, or a 
cuspidal point, if ord z du > 0. The number ord z du is called the order of the cusp of u at z. 
A J-holomorphic curve u : S — > X containing cuspidal points is called a cusp curve. 

Note that in the literature on pseudoholomorphic curves the notion "cusp curve" has a 
different meaning. Our terminology agrees rather with the one used in algebraic geometry 
where the notion "cusp" means a "peak", i.e. an irreducible singularity. This describes 
the situation at hand more accurately. 

3.1. Deformation of pseudoholomorphic maps. Explicit construction of deforma- 
tions is needed to obtain local charts for subspaces of curves with prescribed singularities. 

Lemma 3.1.1. Let B C K 2n = C n be the unit ball, *3/ a Banach manifold, {J v ^} v ^,te[o,i} 
a family of homotopies of almost complex structures in B with parameterized by W and 
depending C l ~ l -smoothly on (n,t) G W x [0,1]. Further, let : A — > B, rj G W , be a 
C l ~ l -smooth family of J v ^-holomorphic map, such that u v ^(A) C B(^), and ord (du V)t ) = 
ii. 

Then for any family v v G M. 2n depending C^" 1 -smoothly on n G <3f and any v G N 
there exists t* = t*(Jt,uo,v,/j,,u) > 0, a neighborhood Uay of a given rj* G W , and a C^ 1 - 
smooth family of homotopies {w Vt t} v eu^,te[o,t*} with w Vtt G L 1,p (A,R 2n ) such that the maps 
u Vj t '■ A — ► B given by 

u V:t (z) =u ri> o{z) + z l/ (tv v + w v>t (z)) (3.1.1) 

i) are J v j-holomorphic if v ^ 2fi + 1, and 
h) are J v -holomorphic if v > 2// + 1. 

Moreover, for z ^ the function w v j{z) depends C l ~ l -smoothly on (j],t,z). 

Remarks. 1. In other words, there exists a pseudoholomorphic deformation u t of a 
given map Uq in a given direction 4fUt\ t=0 = z u v + 0(\z\ u+a ); and moreover, for smaller v 
it is possible to deform simultaneously the almost complex structure. Furthermore, if the 
initial data depend smoothly on the parameter 77, then the corresponding constructions 
give a smooth dependence of the maps on 77. 
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2. The loss of smoothness from C e to C^" 1 is due to the fact that the Gromov operator 
D u J depends only C^ _1 -smoothly on u. Indeed, D u J is the derivative of the (9-operator 
u i — > dju in the w-direction, which is only C^-smooth. 

Proof. We give only a sketch. First, we fix a family (p Vtt of afline transformations of M? n 
with depend C £_1 -smoothly on (j],t) such that (p V;t ou ??j0 (0) = G B and (p n>t o J n t o (p~ t 
coincide with J st in ^^^(0). Setting w^o := (p v ,t°Ur],o and J^ := <p v jo J v jo<p~l we reduce 
the problem to the case where Ur),o(fy = and Jr,,t(0) = J st - 

Now we assume that there is no dependence on the parameter and drop the index 77. 
Using ( p.l.lp one writes the equation dj t Ut = in the form 

{x + yJ st )- u dj t (u {z) + {x + yJ st ) u (tv + w t {z)))=0 (3.1.2) 

with x + iy = z the standard coordinates on A, and considers ( 3.1.2| ) as an equation for 
Wt(z). Then one shows that under the hypotheses of the lemma the linearization of ( |3.1.2j ) 
has the form 

(t!j t + <]j t )Mz) = ^,jpt){z\ (3.1.3) 

where w t (z) = ^w t (z) and ip^\j t ){z) G J°°(A,C n ). Thus it is sufficient to find a right 

inverse of the Gromov type operator D^j = d^ t j t + R^ Jt with an additional 

condition w t (0) = 0. We refer to [ Lv-Sh-l |, Lemma 3.3.1, for the explicit construction 
of such a right inverse T^fj. Moreover, the operator T^fj and the inhomogeneity term 

x/j^j depend smoothly on u and J. As a consequence, the solution w t of ( |3.1.2| ) depends 
C^^ 1 -smoothly on the parameter rj G & ' . □ 

Definition 3.1.1. Let B C M 2n = C n be a ball, Jo a C^-smooth almost complex structure 
in B, Uo ■ A — > B a Jo-holomorphic map and v ^ 1 an integer exponent. Denote by 
dfrm u (u,J;v) the a map depending C^ _1 -smoothly on 

• a C^-smooth almost complex structure J in B, sufficiently close to Jo; 

• a J-holomorphic map u, sufficiently close to u ; 

• a vector v G M. 2n , sufficiently close to 0; 

such that u := dfrm^w, J;v ) is a J-holomorphic map of the form u(z) = u(z) + z v v + 
0(|z| y+a ). Note that the choice of such a map dfrm^ is not unique. 

Lemma \3.1.1\ allows us to construct local deformations of pseudoholomorphic maps 
with appropriate types of singularities. To obtain a global deformation, we use 

Lemma 3.1.2. Let uq : S — > X be a non-multiple Jo-holomorphic map, z\,... ,z m fixed 
points on S, and Ui,...,U m C S disjoint neighborhoods of these points. Further, let 
{J t }t£[o,i] be a given C 1 ^ 1 -smooth homotopy of almost complex structures on X, and 
{u it t}te[o,i] given C l ~ x -smooth homotopies of J t -holomorphic maps u itt : Ui — > X . 

Then there exist t* > 0, a C 1 ^ 1 -smooth homotopy {Jt}t£{o,t*] of almost complex structures 
on X , a C l ~ l -smooth homotopy {ut}te{o,t*] of J t -holomorphic maps u t : S — > X such that 
u t coincides with each u itt in some (possibly smaller) neighborhood of Zi and J t coincides 
with J t in some neighborhood of each X{ := Uo(zi). 

The proof of the lemma is left to the reader. 



Refining the result of Lemma \3.1.1\ we show that the condition U\(z) —U2(z) = o(\z\ ) 
of Lemma |L2.5| defines a submanifold in the spaces of pairs of pseudoholomorphic maps. 
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Definition 3.1.2. Define the spaces of pairs of pseudoholomorphic maps coinciding up 
to order k at z = as ^^ k {A,X) := 

{(u',u",J) G L l ' p (A,X) x L X ' P {A,X) x / ■ dju' = = dju" ,u'(z) -u"(z) = o(\z\ k )}, 

(3.1.4) 

where the condition u'{z) —u"{z) = o(z k ) is related to any local coordinate system on X 
in a neighborhood of the point w'(0) = u"(0) G X. 

The structure of ^?* m (A,X) for the cases k = and fc = 1 is easily obtained from 
transversality techniques. In general we have 

Theorem 3.1.3. Assume that J? consists of C 1, -smooth structures with I ^ 2. Then the 
space ^> fc (A,X) is a G l ~ x -submanifold of the fiber product &>(A,X) x j &>(A,X) of 
codimension of2n(k + l) with the the tangent space 

T (uW) ^ fc (A,X) = 

{(i;>",j)GT (uW) (^(A 1 I)x / ^(A ) X)) :j h (v'-v") = 0}. (3.1.5) 

Moreover, for k = and fc = 1 i/ie space ^<^fc(A,X) zs well-defined and C l -smooth 
also for £ ^ 1 . 

Proof. It follows from Lemma |2.2.^ that ^(A,X) x ^ &>(A,X) is a C £ -smooth Banach 
manifold with the tangent space 

T (uW) (^(A,X) x^(A,X)) = 

{(«',«", J) : (v', j) eT (u/>J) ^(A,X),(v", j) 6T Kii7) ^(A,X)}, (3.1.6) 

so that D u i jv'-\- Jodu' oJ A = and similarly for u". 

Fix (mq,-Uq, J ) G &&o(A,X) and local coordinates (wj) in a neighborhood U C X 
of x* := m (0) = m '(0) G X. Then there exists r > such that for any pair (u',u") of 
L 1,p (A,X)-maps sufficiently close to (u' ,u'q) we have u'(A(r)) C Z7 and u"(A(r)) C U. 
The coordinates in U induce the linear structure. Thus we can consider the difference 
u'{z) — u"{z) having in mind that it is well-defined only for z G A(r). 

The subspace &>&> Q (A,X) is defined by the condition u'(0) = u"(0) for (u',u",J) G 
&>(A,X) x j &(A,X). Setting F(u',u",J) : = u'{0) -u"(0) we obtain a C £ -smooth func- 
tion, which is well-defined in a neighborhood of (u' ,u'q, Jo) and is a local defining function 
for &>&> Q {A,X). The differential of F in (u',u", J) G &&> Q (A,X), 

dF : T (tt , iU « j)(^(A,X) &>(A,X)) -> T U , (0) X, 

is given by the formula dF(v',v",J) = v'(0)—v"(0) and is a surjective map. Thus 
^^o(A,X) is a C^-smooth submanifold of &>(A,X) x j &>(A,X) of codimension 2n = 
dim R X. 

Considering the C^-smooth map evg : (A,X) ^X with 

ev («V, J) :=u'(0) = u"(0), 

we obtain a C^-smooth bundle over &&q(A,X) with fiber E$, u „ ^ = u'*T u i^X. 

The formulas a'(u',u", J) := oV(0) and a"(u',u", J) := du"(0) define C £ -smooth sections of 
the bundle T * A 

over t ^^'o(A,X). Thus the condition du'(0) = du"(0) is equivalent 
to the vanishing of a' — a". Consequently, &&i(A,X) is a C £ -smooth submanifold of 
&&o{A,X) of codimension 2n. 
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We proceed further by induction using the case k = as the base. Our notation is 
as follows. For a triple (u',u",J) G ^^ (A,X) we consider the (integrable) complex 
structure J st in U with coincides with J at the point u'{z) = u"(z) and is constant with 
respect to the coordinates in U. Note that J st depends C^-smoothly on (u',u",J) G 
&&k{A,X). Thus we can regard U as an open subset in C n . 

For a pair (u',u") of J-holomorphic maps with values in U C X we obtain 

= dju' - dju" = {{d x u' - J{u') ■ d y v!) - (d x u" - J{u") ■ d y u") 
= d x (u' - u") + J{v!) ■ d y (u' - u") + (J(u') - J(u")) ■ d y u" 

= d J(M ,)(u' - u") + (J{u') - J{u")) ■ d y u". (3.1.7) 

Consequently, 

d j* W -u") = d Jst K -u")- (dju' - dju") 

= {J st - J(u')) ■ d y (u' -u") - (J(u') - J(u")) ■ d y u" . (3.1.8) 

Let us denote the last expression by H u /y j(z) 

Now suppose that (u',u",J) varies in && k {A,X) with k ^ 1. We can assume by 
induction that ^^k{A,X) is a C -smooth manifold. We claim that for any p < oo 

f k (z):=z-( k+1 \u'(z)-u"(z)) (3.1.9) 

is a well-defined L 1,p (A(r),C n )-valued function depending C -smoothly on (u',u",J) G 
^^fc(A,X). The claim implies the theorem. Indeed, the function F k given by F k : 
(u',u",J) G ^ k (A,X) h-* / fc (0) G C n is then a local defining function for ^ fc _i(A,X) 
inside ^^Pk{A,X), whereas non- degeneracy of dF k can be easily obtained from Lemma 
5X1 . 

Again by induction, we can suppose that f k -i(z) = z~ k {u\z) —u"{z)) is a well-defined 
L 1,p (A(r),C n )-valued function depending C^-smoothly on (u',u",J) G ^Vi(A,X). 
Note that /fc-i(O) vanishes identically on &&k{A,X). Further, for any exponents p,p' 
with 2 < p' < p < oo the map f(z) G L 1,p (A,C n ) i-> z" 1 ^) - /(0)) G L p '(A,C n ) is 
linear and bounded. Consequently, for any p < oo the function fk(z) = z~ x f k -i(z) lies 
in L p (A,C n ) and depends G l ~ ^smoothly on (u',u",J) G ^^ fe (A,X) with respect to the 
L p -topology. 

Without loss of generality we may assume that U is convex. The identity 

J(w) = J(w*)+ [ d t J(w* + t(w-w*))dt 
Jt=o 

for (w,w*) eU xU implies the relation J(w) = J(w*) + J2A w i- w i)Si(u!,w*) = S(w,w*; 
w — w*) with the function S(w,w*;w) depending C £ -smoothly on J G , C £_1 -smoothly 
on (w,w*) G U xU and M-linearly on w G C n . Substituting u"(z) = u'(z) + z k+1 f k (z) in 
( J(u') — J{u")) ■ d y u" we obtain 

(J(u'(z)) - J{u"{z))) ■ d y u"(z) = S{u"(z),u'(z);z k+1 f k (z)) ■ d y u"(z) 

By apriori regularity estimates, for r < 1 we can consider du"(z) as a map from ,^,^ l k(A,X) 
to C°(A(r),C n ) which depends C -smoothly on (u',u",J). Thus we have represented the 
term (J(u') — J(u")) -d y u" as a composition of the C -smooth map 

(u',u",J)e^ k (A,X) h-> S , K'(^), M , (z);/ fc (z))-V , We^ p (A(r),C n ) 

and the linear bounded map 

SK(^), M '(^);/ fc (^))V'W -» ^ (/c+1) -5( M "(^), M '(^);^ +1 -/ fc (^))^"(^). 



28 V. SHEVCHISHIN 

Thus (J(u')-J(u"))-d y u" depends C-smoothly on (u',u",J) G ,^ k (A,X) with respect 
to the norm topology in L p (A(r),C n ). Consequently, the formula 

(u',u",J)e&'& , k (A,X) i-> z~( k+ V-(J st -J(u'(z)))-d y (u'(z)-u"(z)) 

defines a L p (A(r),C n )-valued map depending C^ _1 -smoothly on (u',u",J) G ^^ k (A,X). 

Similar estimates can be be carried out for the first term (J st — J(u')) ■ d y (u' — u") 
in (|3.1.8| ). Together, this implies that hk(z) := z~ k H u i tU "j(z) lies in L p (A(r),C 1 ) and 
depends C^ _1 -smoothly on (u',u",J) G && k (A,X) with respect to L p -topology. Now 
let fg k (z) be a solution of the equation dj st f-Q k (z) = h k (z) depending C £_1 -smoothly 
on (u',u",J) G ^ k (A,X) with respect to the L^-topology. Then (u'(z) - u"{z)) - 
z k+1 fg k (z) is a holomorphic C n -valued function, depending C £_1 -smoothly on (u',u", J) G 
&&k{A,X) with respect to L 1,p -topology and vanishing in z = up to order k + 1. 
Consequently, 

(ti^)-«^))-^ 1 /B,*W=^ +1 /^W 
and = fe,k{z) + fg k (z) possesses the property claimed above. □ 

3.2. Curves with prescribed cusp order. In this paragraph we show that J-curves 
with cusps of given order form a Banach submanifold of the moduli space and compute 
its codimension. 

Definition 3.2.1. For a given natural m we denote by k an m-tuple (k\,... ,k m ) with 
ki^l and set |fe| := ^ fcj. The m-tuple (1, . . . ,1) is denoted l m . Define the moduli space 
of pseudoholomorphic curves with a given cusp order k as the set of classes [it, J, z] 
such that [it, J] G j% and u has m (marked) cusp-points z = {z\, . . . ,z^} with ord 2 * ^ fcj. 
Two triples (it, J, 2) and (it, J, z) define the same class [it, J, z] = [it, J, z] G if and only 
if there exists g G G such that u — uog and z* = g(z*). 

The main result of this paragraph is 

Theorem 3.2.1. The set ^k is a C l -smooth manifold and the natural map ^k — ► 
given by [u,J,z] t— > [it, J] of ^ is an immersion of codimension 2{n\k\ — m), where 
n = dirric^ and m is the number of marked cusp-points. 

We divide the proof in several steps. First we consider the corresponding problem for 
jtf. . The reason is that it is more convenient to work with maps, i.e. elements of than 
with parameterized curves, i.e. elements of This means that we are interested in the 
set 

^ := { (u, J 8 , J; 4,... 4J G JTx (S)- : 4 ^ ^Xl t^' } ' ^ 
where (S) m = S x ■ • • x S is the m-fold product of S. Obviously, the projection from 



x (S) m onto j$ and then onto S maps ^k onto Sk- In our proof of Theorem \3.2.1 
we shall show that this map ^k — > is a principle G-bundle. 

Definition 3.2.2. Set 

^ := { (it, J s , J;z$,... z*J G J^x (S) m : z* ^ z* for every i^j} (3.2.2) 

denoting by Si the z-th factor in (S) m . Equip ^£^ m ^ with the maps evj : J^ m ^ — > X m 
defined by evj(it, J5, J;z*, . . . , z£j := tt(z*). Denote by the pulled-back bundles ev*TX 



and ev( m )*T(X m ) over ^ m ). The fiber of over (u,J s ,J;z) is (^) (tt ,j s ,j ;z) = T u s z *)X. 
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Obviously, the space Jtffc^ is a C^-smooth Banach manifold, evj : J^™^ 
C -smooth maps, and Ei are C^-smooth bundles over Note that we also have line 

bundles TSi and T*Si over which are defined in an obvious way as the (co)tangent 

bundles to each S^. 

Lemma 3.2.2. The formula T(u, Js, J;z*,... z* m ) := (du(z$),... ,du(z^)) G©,^®^ 
defines a C l -smooth section of ®^T* Si® Ei over ^^ m \ transversal to the zero section. 
The zero-set o/T coincides with the space of maps having cups in each marked z*. 

Thus is a C e -smooth Banach submanifold of of codimension 2nm. 

Before starting the proof we introduce some new notation. 

Definition 3.2.3. Let & be a c7 £ -smooth Banach manifold and / : & -> T g x S a C e - 

smooth map of the form f(y) = (Js(y),z*(y)). Set F(y) := (y,z*(y)) so that F : 'W — > 
<3f x S is an imbedding. A local Js(y)-holomorphic coordinate (or simply a Js-holomorphic 
coordinate) on & x S centered at z* is a C £ -smooth C- valued function z defined in some 
neighborhood U C <3f x S of F(&") which vanishes along F(&") and is Js (y)-holomorphic 
along each {y} x S. One can use Lemma for a proof of the existence of such a local 
holomorphic coordinate. 



Proof of Lemma p.2.2\ . It is obvious that T is well-defined. To show the C -smoothness of 
T, for any i — 1, . . . ,m, we fix some local coordinate Zi on which is Js-holomorphic 

along Si and centered at z* G S^. Now we can find a local frame £ = . . . ,£„) of T*Si®Ei 

which depends C £ -smoothly on (u,Js,J) G and holomorphically on the coordinate Zi. 



The existence of such a frame follows from Definition \1.4.]\ and a parametric version of 
Lemma \1.4. J| . The coefficients of du G T*Si ® Ei with respect to such a frame £ depend 
C^-smoothly on (u,Js,J) G ^ and holomorphically on Zi. Consequently, the du(z*) 
depend C £ -smoothly on (u, J s ,J;z) € ^ m) . Thus T is L7 £ -smooth. 

The transversality of T to the zero-section of @ { T*Si® Ei follows immediately from 
results of Paragraph EO. In particular, is the C £ -smooth Banach submanifold of 



^(m)_ rj^ e correS p 0n( ji n g codimension is ranku {®{T*Si ® Ei) = 2nm. □ 

Definition 3.2.4. For (finite-dimensional) complex vector spaces V, W, and fceN de- 
note by j k (V, W) the vector space of polynomial maps / : V — > W of degree deg f^ k with 
/(0) = 0, considered as the space of fc-jets of holomorphic maps F : V — > VF. For / 
the natural projection pr : y(V,W) — > j fc (V,W) is well-defined. Let j fc ' J (V,W) denote its 
kernel. Similar notation for complex bundles is used. Note that j (V, W) = Horn (V, W) = 
V*®W. 



Lemma 3.2.3. i) For any (u,Js,J;z) G M k the jet j 2ki+1 u(z*) is a well-defined element 

<J i){u,Jg,J\z) ■ 

V~\ :/,•;+ I :2k: + I , -l'L< I. , 

J i ) (u,J$,J;z) ■ 

in) Set T k (u,JsiJ;z) := (j fel+1 > 2fcl + 1 «(z 1 *), . . . ,j km+X ' 2km+1 u{z* m )) . Then T fc : J( k -> 
©iJ fci+1 ' 2fci+1 (T n 5'i!-^i) a section which is C l -smooth and transversal to the zero-section. 



ofj 2k > +1 (T z: ,T u(zD X)=f k >+\TS l ,E l 

n) Moreover, j 2k ^ l u(z*) G j fc * +1 ' 2fc * +1 (T 2? ,T u(2 *)X) = j k > +l > 2k > +l (TS u Ei 



Proof. Assertions i) and ii) follow essentially from Lemma \1.2.5] . The nontrivial points 
here are the following. First, the jet j 2ki+l u(z*) is defined even if the structure J is C - 
smooth with i < 2ki and the map u is C^ +1 -smooth, since in general there are no higher 
smoothness for u. Second, the jet j 2ki+1 u(z*) is a complex polynomial. Finally, the jet 
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j 2ki+1 u(z*) is independent of the choice of the integrable structure J st and J st -holomorphic 
coordinates in a neighborhood of u(z*) used in Lemma 1.2.1 for definition of the jet. Let 
us give a proof of the latter property. 

Let J' and J" be integrable complex structures in a neighborhood of u(z*) such that 
J'(u(z*)) = J"(u(z*)) = J(u(z*)). Find local complex coordinate systems w' = (w[,... , 
w' n ) and w" = (w'{,... which are centered in u(z*) and holomorphic with respect 
to J' and J" respectively. Without loss of generality we may assume that the frames 
(g£r, • • • , g£r) and (^£77, • • • , ^77) coincide in u(z*) G X. Consequently, we can express one 
system by another using the formula w" = w' + F(w') with 

F(w') = 0(\w'\ 2 ) and dF{w') = OQw'\). (3.2.3) 

Let u'(z) and u'(z) be the local expressions of u : S — > X in the local coordinate systems w' 
and w" respectively. Then u"{z) = u'{z) + F{u'{z)). So from (ggj ) and u'(z) = 0(\z\ ki+2 ) 
we see that coefficients of polynomials j 2ki+1 u'(z) and j 2ki+1 u"(z) coincide. 

To show the smoothness of the section T fc we fix an element (w , J$fi, Jo',z ) G ^#fc, z = 

(2*0,... ,2^i Q ), and a sufficiently small neighborhood C of yo : = ( u o, Js,o, Jo'i z o)- 
In what follows, for any % = 1,... ,m, we fix families of certain structures on various 
spaces. We assume that the members of the families are parameterized by and depend 
C -smoothly on y = (u, J5, J; z) G . The families are: 

1. integrable complex structures J[ in a neighborhood of each u(z* Q ) such that each J[ 
coincides with J in u(z*); 

2. local complex coordinate systems w\ = (w' iX ,... ,w' in ) on X centered in u(z*) and 
holomorphic with respect to J[\ 

3. local frames ^ i = ■ ■ • ,£i, n ) of the bundles E^ which are defined in a neighborhood 
of z* and holomorphic along Sf, 

4. local Js-holomorphic coordinates z\ on Si centered in z*. 

Further, we assume that every coordinate Zi has image the whole disc A. Note that 

pulling back the frames {g^r- , ••■ ; 3^7— ) we obtain local frames (u*(g^r- ),... , u *(g$—)j 

of Ei which depend C £ -smoothly on y — (u,Js,J',z) G W . Now, the expression of u(z) 
in the local coordinate system w\ yields an element u'^Zi) G L 1,p (A,C n ) which depends 
C -smoothly on y G & with respect to the standard smooth structure in L 1,p (A,C n ). 
Deriving, we obtain an element du'^Zi) G L p (A,C n ®rT*A) which depends C £ -smoothly 
on y G <3f with respect to the standard smooth structure in L p (A,C n ®rT*A). 

Consider now du' t as a section of Ei®T*Si, and its coefficients of du[ in the frame 

{ u *^dw r ~ ) ® ^ z ii ■ ■ ■ i u *(d3~ ) ® d z i\ as £ p (A,C)-functions. Thus we can conclude that 
the coefficients of di}! i depend C^-smoothly owy £1V with respect to the standard smooth 
structure in L P (A,C). Consequently, the same is true for the coefficients of du^ in the 
frame (£^1 ® dzi, . . . ,£i, n ®dzi). Since the latter frame is holomorphic, the coefficients of 
the jet j 2ki du(z*) depend C^-smoothly on y G W . This provides the desired smoothness 
property of T fc . 

Finally, note that the transversality of Tfc to the zero-section follows from results of 
Paragraph \3.1\ . □ 



Corollary 3.2.4. For any k = (ki, . . . , k m ) with ki ^ 1 the space is a C -submanifold 
of Jtffi™^ of codimension 2\k\n . 
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Proof. Assume that for a given k = (k\,... ,k m ) with ki ^ 1 the claim holds. Fix some 
k + = (kf,... with ki ^ kf ^ 2ki and consider truncated section T fcfc + : ^#fc — > 
QjiH+ijct+^TSitEi) given by 

T fcjfc+ ( M , J 5) J;z) := .A+^+yO). 



Then ^# fc + is identified with the zero set of T kk +. By Lemma |3.2.3| , T fc fc + is transversal 
to the zero-section. Thus ^ k + is a C -smooth submanifold of ^ k of codimension equal 
to rank M i j fel+1 '^ ++1 (TS , i ,£ , j) = 2n(|fc + | - |fe|). So we can apply the induction. □ 

Lemma 3.2.5. The natural projection pr fc : ^ k — > ^ given by the formula pr k (u, Js, J; z) 

:= (u,Js,J) is an immersion of codimension 2(\k\n — m) . 

Proof. The differential of the projection pr fc is given by 

dpr k : 0, j s , J;z)e T( U} j SiJ . z) J( h i-> (v, j s , J) G T {njJgi ^ Jt. 

Thus the kernel Kerdpr fc consists of vectors of the form (0,0, 0;z) with Zj = {z\,... G 
0T^*S'j and we must show that Kerdpr fc is trivial. Intuitively this is obvious, since 
elements of the kernel correspond to deformations leaving (u, Js, J) unchanged but moving 
cusp-points z* on S and this is impossible. 



For a rigorous proof we use conclusions of the proof of Lemma [3.2.3| . Consider du(zi) as 
a holomorphic section of T*Si®Ei. Then du(zi) vanishes in z* t up to the order ^ ki and 
there are no other zeros of du(zi) in a neighborhood of z*. Thus we can locally express 
z* as the zero set of du(zi). This implies that locally there exists C -smooth functions Fi 

of (u, Js, J) G M such that Fi(u, Js, J) = z* for (u, Js, J) G M k . Thus pr fc : M k — > is 
an immersion. 

To compute the codimension of pr fc : ^# fc <^-> j$ one represents pr fc as the composition 

.w k ^ . /?: □ 

Now we can finish 



Proof of Theorem \3.2. 1\ . Consider the action of G on ^ and the diagonal action of G 
on x (S) m . The both actions are C -smooth, free, and commute with the projection 
pr : ^# x (S) m — » Moreover, for every = ,k m ) with ki ^ 1 the submanifold 

^#fc ^# x (S*)" 1 is G-invariant with respect to the diagonal action of G. For the quotient 
= ^ie/G one can construct a C £ -smooth atlas in the same way as it was done for 
jtft = */#/G. The construction shows that the map ^t k — > j$ is a C £ -smooth immersion 
of codimension equal to the codimension of pr fc : ^ k '—t ' . □ 

Summarizing the results and notation of this paragraph, we obtain 

Corollary 3.2.6. The maps ev k : ^ k — > X m and evj : ^ k — ► X given fry evfc([u, ,7, z]) := 
(11(2*),... and evj([it, J,z]) := w(X*) are well-defined and C l -smooth. This yields 

C -smooth bundles Ei := ev*TX a /i&er (-Ei)[ Ml j )Z ] = T U ( Z *)X . The bundles T z *Si over 

^ k induce C e -smooth bundles Li over ^M k with the fiber (^i)[ u ,j,*] — T z *Si. The section 

Tfc : ^ fc — ► (Bij^^iTSijEi) induces the section T k : ^ fc — > ^J 2h+1 (Li,Ei) with 
T k ([u,J,z\) := T k (u,J s ,J;z). 



Proof. The claim follows from the fact that all the constructions are compatible with 
G-action. □ 
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Definition 3.2.5. For a given k = (ki, . . . , k m ) we set 

M=h '■— { (u, Js, ./; z) G : ord z * du = ki }; (3.2.4) 
'■= { [u, J', z] G ^#fc : ord 2 *<iu = ki }. (3.2.5) 

Lemma 3.2.7. i) The set ^# = fc zs an open C -smooth submanifold of invariant 
with respect to the natural action of G on 

h) The image of the projection of to ^ is an imbedded submanifold of ^ , and 
the projection is a non-ramified covering over the image. 

m) There exists a C l ~ l -smooth bundle N over *JZ=k x S whose restriction onto {(u,Js, 
J',z)} x S coincides with N u . The diagonal action of G on x S lifts canonically to 
the action on the bundle N. 

iv) The bundle N induces Banach bundles L 1,P (S,N) and L p 0l JS,N) over ^ = j~ with 

fibers L 1,P (S, N u ) and L p 01 j(S,N u ) over (u,Js,J,z) G respectively. The operators 

D^j : L 1,P (S,N U ) — > L p Ql JS,N u ) induce a C 1 ' 1 -smooth bundle homomorphism D N : 

L^(S,N)^q 01) (S,N)/ 

Proof, i) The complement .tfk\.//=u is of the union of (the projections of) the spaces 
^# fc / such that either k' = (k±,... , k m , 1), or k! = (k[,... ,k' m ) with k[ ^ ki and k' io > k io 
for some %q. In other words, we have either at least one additional cusp-point or a higher 
order cusp in at least one point. Obviously, these conditions define closed subsets in 
The G-invariance of follows from the definition. 

H) The set admits a finite transformation group Aut(fc) generated by transpositions 
of marked cusp-points z* and z* with ki = kj. The rest of part ii) follows. 

m) Let Zi be a local Jg-holomorphic coordinate on x S centered at z* as in Definition 
|3.2.3; . It follows from the proof of Lemma |3.2.3; that z~ ki du(zi) is a well-defined non- 



vanishing local section of Horn (TS, E u ), which depends C £_1 -smoothly on (u,Js,J) and 
holomorphically on Zj. This provides the existence on N with the stated property, at 
least locally in a neighborhood of (u,Js,J;z*). The globalization of iV is trivial. Since 
the constructions involved are natural, the G-action admits the desired lift. 

iv) One uses the fact that the constructions of the bundles I}' P (S,N), L P Q ^(S,N), and 

the operator D N are natural. This implies C 1 -smoothness of the obtained objects. □ 



Remark. One could explain the meaning of Lemma [3.2. /f as follows. First, we note that 
for the globalization of normal bundles N u to we should use not the Cartesian product 
^ x S, but the G-twisted product j% x S, i.e. j% x G S := LM xS)/G. Second, we must 
choose a stratification of ^ by strata where N u does not "jump". By the definition of 
N u such strata are exactly = ^=k/G where there is no "jump" of the cusp-order. 

Another application of the techniques used in the proof of Theorem |3.2. 1\ is a local 
version of the theorem. Below £P(A,X) denotes the Banach space of pseudoholomorphic 
maps between the unit disc A with the standard structure J st and X, i.e. £P(A,X) = 
{(«, J) G L l *(A,X) x J : dj suJ u = 0}. 

Lemma 3.2.8. i) For any given integer k^l the set 

^ fc (A,0;X) := {(it, J) G &>(A,X) : ord z=0 (du) > k} (3.2.6) 
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is a C l -smooth submanifold of £P(A,X) of real codimension 2kn, n := dim c X = |dimRX, 
with tangent space 

T M 0> k (A,O;X) = {(vj) G T U L 1,P (A,X) x TjJ : D u>J v = 0,j k (v(z) -v(0)) = 0}. 

(3.2.7) 

3.3. Curves with prescribed secondary cusp index. Recall that by Lemma \l-2.^ 
for a pseudoholomorphic map u : (S, J$) — > (X, J) with cusp order k at z* G S the jet 
j 2k+1 u(z*) is well-defined. As we shall see, the part of the jet j 2k+1 u(z*) invariant under 
reparameterization plays an important role for determining the type of critical points on 
moduli spaces (see Paragraph \4 . 3\ ) . 

Definition 3.3.1. i) Let u : (S,J,s) — > {X,J) be pseudoholomorphic map with a cusp 
of order k := ord z *du at z* G S, pr N : E u — > N u the projection to the normal bundle, 
and z a local holomorphic coordinate on S centered at z*. Define the secondary cusp 
index I of u at z* G S by setting I := k if pr^y oj' 2A:+1 m(2*) is zero polynomial and I : = 
ord^opr^o j 2k+1 u(z*) — k — 1 otherwise. 

H) For a given m-tuple k = (ki,... ,k m ) of prescribed orders of cusps we consider m- 
tuples I = (h,... ,l m ) with ^ U ^ ki and set \l\ := Y^ih- Define the moduli space ^k,i 
of pseudoholomorphic maps with cusps of given order and secondary index (k,l) as the 
set of [u,J,z] G such that ord z *du = ki and the secondary cusp index of u at z* is at 
least Zj. Set 

~^k,i ■= {{u,J s ,J,z) G Jt =k : [u, J,z] G ~^k,i}- (3.3.1) 

Theorem 3.3.1. The space ^k,i is a closed C e ~ l -smooth submanifold of ^=k of codi- 
mension 2 (n — 1) \l | . 

Remark. The meaning of the notion of secondary cusp index can be explained as follows. 
One expects that for a J-holomorphic map u : S — > X with a cusp of order k = ord z . du 
at z* G S the polynomial pr 7V oj 2fc+1 M(2*) has vanishing order k + 1. Thus the secondary 
cusp index I is the order of deviation from this condition. The content of Theorem \3.3.]\ 
is that for generic [u, J; z] G <J?=k there is no deviation and that the space of curves with 
cusps of prescribed degeneration order is of expected codimension. 

We note also that the range ^ li ^ ki = ord z * du is the maximal one where the 
secondary cusp index is well-defined: The higher order terms of pr N odu, as well as the 
coefficients of du (considered as a holomorphic section of T*S<g)E u ), depend on the choice 
of the local holomorphic coordinate Zi centered at z* G S. 

Proof. We maintain the notation of Lemma \3.2.3\ . Now, for any (u,Js,J',z) G ^=k, 
z = (z*,... } z* m ) } the jets j 2kl+1 u(z*) G j 2ki+l {TS h Ei){y ij j Sj j ;z ) are well-defined and de- 
pend C^-smoothly on (u,J;z). By Lemma |3.2.7j , for any i = 1,... ,m the formula 
(u,j s ,j;z) '■— {N u ) z * defines a C e 1 -smooth bundle Nj over ^ = k with the projection 
pr^ : Ei -> Ni. This yields the compositions pr N oj 2k * +1 u(z*) G j 2ki+1 (TSi,Ni)( Uj j StJ . z) 
which depend C^-smoothly on (u,Js,J;z). Thus we obtain a C^ _1 -smooth bundle 

^ = /' +1 ^ +h+ \TS t ,N t ) {u , JsJ;z) 

over ^l = k of rank 2(n — and a C £_1 -smooth section 

T^:=(pr JV o^+ 1 ^+Vz*))- 1 . 
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Observe that ^k,i is defined in as the zero set of Tj^. It follows from Lemma 3.2.c 

that T^i is transversal to the zero section. Consequently, ^k,i is a submanifold of of 
codimension 2(n — 1)|Z|. The claim of the theorem follows now by taking the G-quotient. 

□ 

3.4. Curves with cusps of prescribed type. In this paragraph we give a construction 
of J-curves of any given cusp type, completing the result of Micallef and White. In par- 



ticular, we obtain a more direct and constructive proof of Lemma 1.2.1 without referring 



to local structure of minimal surfaces, as is done in |[Mi-Wh[| . Then we show that the 



set of cusp-curves with prescribed cusp type is a Banach submanifold of the total moduli 
space and compute its codimension. 

Let J be an almost complex structure on the ball B C C n such that J(0) = J st (0). We 
assume that J is C -smooth with £ ^ 2. First we consider the local structure of multiple 
maps. 

Lemma 3.4.1. Let u : A — > B be a non-constant J -holomorphic map with u(0) = G 
B. Then there exist a radius r > 0, a uniquely defined v G N, and a non-multiple 
J -holomorphic map u' : A(r u ) —>■ B such that u(z) = u'(z u ) for z G A(r). 



Proof. By Lemma \1.2.5], u(z) = v ■ z^ + 0(\z\^ +a ) with some v G T B = C n , positive 



p G N, and a > 0. If pi — 1, then u is already non-multiple in some A(r) and there are 
nothing to prove. Thus we may assume that fi ^ 2. 

Take a sufficiently small po > and consider U := u~ 1 (B(po)). By the first part of 
Lemma |J.2.5| , U is a disc and u is an immersion in ?7\{0}. Using the second part of 



Lemma \1.2.3j it is not difficult to show that u(U\{0}) is an immersed J- holomorphic 
punctured disc in B. Therefore the restriction u\ v is a composition of a non-multiple 
J-holomorphic map and a covering branched only in G U. □ 

It is known that any non- multiple holomorphic map u : A — ► C n , in appropriate 
holomorphic coordinates on A and C n , has locally the form 

i 

U{z) = ^ViZ P % 
i=0 

with the following properties, po = ordo(du) + 1, vq ^ 0, the vectors Vi G C n are linearly 
independent of vq for i > 0, and gcd(po,... ,pi) = 1. We want to establish a similar 
result for pseudoholomorphic curves, replacing the operation Ui-i(z) i— > Ui-\{z) +ViZ TH by 
tii-i(z) i-> dfrmp^Wi-i,^)- 

Lemma 3.4.2. Lei B G C n be the unit ball, J a C 1 -smooth almost complex structure 
on B with J(0) = J st , and u : A — ► B a non-multiple J-holomorphic map such that 
u(z) = VqZ Po + o(z p ") for some po > 1 and v q ^ G C n . Take a divisor d > 1 of p Q and 
denote by rj a primitive d-th root of unity. Then there exist an integer q > 0, a vector 
v G C n , and a complex polynomial ip(z) such that 
i) q is not a multiple of d; 

h) v is C-linearly independent of Vq] in particular, v ^ 0; 
m) ip(z) = z + o(z) and degip(z) ^ q; 

iv) u(rjz) = u(ip(z)) + z q -v + o(z q ). (3.4.1) 
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Proof. Denote by Vq C C n a complex orthogonal complement to Vq, and by B- L {p) the 
ball of radius p in Vq . Note that we can canonically identify the space Vq with the fiber 
(N u ) z= q of the normal bundle N u of u (see Definition \1.5.1\ ). Fixing a holomorphic frame 
Wi(z), . . .w n -i(z) of N u we can identify A x v$ with the total space of N u over A and use 
(z,Wi,. . . w n -i) as coordinates in A x Vq. Denote by J st the standard integrable complex 
structure in A X Vq . It coincides with the canonical holomorphic structure in N u . Set 

U r , p :=A(r)xB L (p) 

Fix a holomorphic splitting F : N u — > E7 U of the projection pr^ : — * iV n . We shall 
identify N u as a subbundle of by means of F . Define the map F : U T ^ P — > C n as the 
composition 

(z,w) ^ F (2)(w) G = T U{Z) B = C n i-> F{z,w) := w(^) + F (z)(w). 

It is not difficult to see that for sufficiently small r and p the map F = F(z,w) takes 
values in B and has the following properties: 

• F(z,w) is C 1 -smooth; 

• F(z,0) = u(z) and VwF(z,0) = w; or more precisely, V^F(z,0) = F (z)(w); 

• the pulled-back structure J := F*J coincides with J st along the set A x {0}, i.e. 

J(z,0) = J st (z,0). (3.4.2) 

From ( 3.4.2 ) we obtain a uniform estimate 

\J(z,w)-J 5t (z,w)\^C-\w\. (3.4.3) 

Further, rf° = 1 obviously gives u{nz) —u(z) = o(z Po ) = o(z d ). This implies that for 
sufficiently small r' we can represent u(z) in the form u(z) = F(((z),w(z)) with uniquely 
defined C 1 -smooth ((z) : A(r') — > A(r) and ^(z) : A(r') — > B- L {p) fulfilling the condition 
£(z) = 2 + 0(2). Further, ty(z) = o(z d ). 

Set u(z) := [((z),w(z)) . We obtain a C^-smooth map u(z) : A(r') — > U r>p , for which 

\J*(u{z)) - J(u{z))\ = \J st (((z),w(z)) - J(((z),w(z))\ < C'-\w(z)\. 
Consequently 

\djsM z ) \ = \9j st u{z)-dju(z)\ = I (J st (u(z)) - J(u(z)))d y u(z) \ ^ C" ■ \w(z)\, 

or explicitly for components ((z) and w(z) 

\d Jst w(z)\^C"-\w(z)\; (3.4.4) 

\d Jst ((z)\^C"-\w(z)\. (3.4.5) 

Observe that w(z) is not identically zero. Otherwise we would obtain that u(r)z) = u(C(z)), 
which would contradict the condition of non-multiplicity of u(z). 

Hence, by Lemma \l.2.J\ , w(z) = z q v + o(z q ) and ((z) = tp(z) + o(z q ) for some q > 0, non- 
zero v G Vq, and a complex polynomial if)(z) of degree ^ q. Substituting these relations 
in u(z) = F(u(z)) we obtain ( |3.4.1| ). 

Finally, the identity ^2j = i(u(rf z) — uirf^z)") = together with ( 3.4.1 ) implies that 

J2'j=i( r l^~ lz ) q ' v = 0- Thus X)i=i 7 7 J ' 9 = which is possible if and only if q is not a multiple 
of d. □ 



Iterating the construction of Lemma 3.4.2 , we obtain 
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Corollary 3.4.3. Let 5cC" be the unit ball, J a C -smooth almost complex structure 
in B with J(0) = J st , and u : A — > B a non-multiple J -holomorphic map with u(0) = 0. 

Then there exist uniquely defined sequences (p ,p 1 ,... ,p t ) and (d ,di,... ,di) of positive 
integers with the following properties: 

i) po = ord()du+ 1, so that u(z) = z po vq + o(z po ) with non-zero Vq G C n ; 

n) di = gcd(p ,... ,Pi); 

m) pi < Pi+i, di > d i+ i, and di = 1; in particular, p i+ i is not a multiple of di; (3.4.6) 
iv) if T)i is the primitive di-th root of unity, then 

u{r)iz) = u(ipi(z)) ■ v + z n+1 ■ v i+1 + o(z Pi+1 ) 

for appropriate complex polynomials ipi(z) with ipi(z) = z + o(z), and vector Vi + \ G C" ; 
C-linearly independent ofvo. 



Definition 3.4.1. i) To any increasing sequence of positive integers 1 ^ po < p\ < ■ ■ ■ < p\ 

we associate the sequence of divisors di ^ d\ ^ ■ ■ • ^ di defined by di = gcd(po, ■■■ ,Pi)- In 
particular, do=p . 

£) A sequence p= (po,Pi, ■ ■ ■ ,pi) of positive integer exponents is called a cusp type if pi 
and the associate divisors di = gcd(p , • • • ,Pi) satisfy the condition (ft.4.6|) . In the situation 
of Corollary \3. 4.3| , the sequence p = (po,Pi,- ■ ■ ,Pi) is called the cusp type of u at z = 0, pi 
the critical exponents of u at z = 0, and d = (di) the sequence of divisors of u at z = 0. 

iii) For a given cusp type p — (p ,pi,... ,pi), an integer p' is called an admissible exponent 
if p' equals p\ or is of the form p' — Pi+j ■ di for some i — 0, . . . ,1 — 1 and j = 0, ... ,k, h : = 
Thus all critical exponents are admissible and there are exactly k non-critical 



admissible exponents between pi and Pi+i- Denote by p' 
admissible exponents ordered by growth. Its length is V 

Note that the corresponding sequence of divisors d\ := gcd(j»Q, 



(Po,-- - ,Pv 
i-i 



the sequence of the 
) consists o 



=o 



Pi+i-Pi 



di 

divisors 



ij :=gca\p ,... ,p 3 

di of critical exponents, repeated k + l times. Vice versa, an admissible exponent p'j > 
Po — Po is critical if and only if d'j < d'j_ v 



Theorem 3.4.4. Let BcC be the unit ball, J an almost complex on B with J(0) = J st , 
and u : A — > B a non-multiple J -holomorphic map such that u(0) = 0. Further, let 
p = (po,...,pi) and p' = (po,...,pi') be the sequences of critical and resp. admissible 
exponents of u at z = 0, and d' = (d' , . . . ,d' v ) the corresponding sequence of divisors. 

Then there exist a sequence (v , ... ,Vy) of vectors in C n (one Vj for eachp'^), a complex 
polynomial ip(z), and a radius r > 0, such that the following holds. 

i) u(z) = z po ■ vq + o(z po ); vq ^ 0, V\, . . . ,Vy are complex orthogonal to v ; (3.4.7) 

ii) (p(z) = z + o(z) and degif(z) ^pi—po + 1; (3.4.8) 

iii) for appropriately chosen maps dfrm, the recursive formula 

Uj (z) := dfrm pyd . (uj-^-^J^) j = 0, 1, . . . ,1' (3.4.9) 

beginning from u_i(z) = yields a sequence of well-defined J -holomorphic maps Uj : 
A(r d j) — > B with the property 

u((p(z))-Uj(z d 'i) = v j+1 z p 'i+i+o{z p 'i+i). (3.4.10) 

Moreover, such Vj and <p(z) are uniquely defined. Further, Vj is non-zero if p'- is critical. 
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Proof. The choice of the maps dfrm^ ensuring that at each recursive step the right hand 
side of ( |3.4.10|) is well-defined will be made below. Now we assume that for given j < I' 
we have constructed a J-holomorphic map Uj : A(r j) — > X and a polynomial <p(z) such 
that f{z) = z + o(z) and u(ip(z)) = iij(z d j) + o(z p j). Then by Lemma \1.2.3{ , 

u((p(z))= Uj (z d 'i) + z q w + o(z q ) (3.4.11) 

for some non-zero weC" and q > p'j. Represent w G C n in the form w = a ■ Vq + w' and 
replace ip by ip'(z) : = tp(z) - ^ ■ z q " po+1 . The relations u(z) = z po v + o(z po ) and ( |3.4.11| ) 
yield 

u((p'(z))=Uj(z d 'i)+z <1 w l + o(z q ). (3.4.12) 

If w' = 0, we can consider ( |3.4.11|) with some q' > q. Thus we may assume that w' ^ 0. 
Moreover, we see that <p(z) is defined uniquely by (|3.4.10| ) up to degree p'j —po + 1. 
Denote by rjj the primitive d'j-th root of unity. Then by Lemma \3.4.2\ , 

u(ri j z) = u(4> j (z)) + vz p + o( y z p ) (3.4.13) 

for an appropriate polynomial ipj(z) = z+o(z) and v linearly independent of vq. Moreover, 
p is the first critical exponent after p'j in the sequence p' of the admissible exponents of 
u(z) at z = 0. In particular, p is not a multiple of d'j. Set 0j + i(z) := i]J ipj + i(r)jz). Then 
we obtain <pj +1 (z) = z + o(z) and 

ufoj+ifaz)) = u{Vj0 j+ i{z)) = u{ip j {0 j+1 {z))) + z p v + o{z p ) 

= u(<p j+ S j (z)))+z p v + o(z p ), (3.4.14) 



where ipj(z) is a polynomial with ipj(z) = z + o(z) and ipj(tpj + i(z)) = (fj + i(ipj(z)) + o(z p ). 

y 



Substitution of (|3.4.12| ) in ( |3.4. 14| ) together with the identity 77 - J =1 yields 

u ] {z d '^+n q z q w' = u J (^f{z))+z q w' + vz p + o{z m ' ,n(p ' q) ). (3.4.15) 

Further, since ^pj{z) = z + o(z), we can find a polynomial $j(z) with the properties 
tjjj(z) = z + o(z) and ^ J (z) = ipj(z d i). For such ipj{z), the relation ([3.4.15 ) transforms to 

Uj {^i) =u j (^ j {z d '^) + {l-r] q j )z q w , + vz p + o{z m ' m(p ' q) ). (3.4.16) 

Assume that q < p. Then q is a multiple of d'j. In particular, q ^ p'j+v In the case 
q > Pj + i we simply set Vj+i := and obtain the relation ( |3.4.10| ). In the case q = p'j +1 we 
set Vj+i := w' and come to the relation (|3.4.10|) again. The case p < q is impossible since 
p is not a multiple of d'j. 

In the remaining case q = p we have two subcases, p'j + i < p and = p. Then we set 
Vj + i := or respectively Vj+i : = w' and obtain (|3.4.10| ) from (]3.4.12|) . 



Now we construct the maps dfrrry with the desired properties. The idea is to rescale 
the maps Uj making the norms ||dtij||ia sufficiently small and obtaining a recursive apriori 
estimate on Vj. For this fix some r G ]0,1[ and maps dfrm p with the properties listed in 
Definition |3. 1. 1\ . Then the substitutions u{z) := u(rz), Uj{z) : = Uj(r d ^z), Vj := r p iVj, and 
<fij(z) '■= r~ 1 (fj(rz) transform ( |3.4.9|) and ( |3.4.10|) into recursive relations 

Uj(z) =^ j/d duj^(z df ^),J;vj), (3.4.17) 



u($(z))-Uj{z d 'i) = v j+l z p ^+o{z p '^). (3.4.18) 
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for J-holomorphic maps Uj : A — > B. Note that ||c?Ct||i2(A) — ||^ M IU 2 (A(r)) wm be arbitrarily 
small for r small enough. Choosing an appropriate r < 1 and using induction, on can 
obtain sufficiently small upper bounds on dj, ensuring that ( |3.4.17|) is well-defined for 
j — 0,... ,1. For such r, we define dfrm p > / d . by the reverse substitutions in (|3.4.17|) . □ 



Remark. For almost complex surface, i.e. in the case n — 2, the critical exponents 
determine a topological type of a cusp. In particular, under hypotheses of Theorem 



3.4.4 : the intersection of the image u(A) with the sphere Sf of a sufficiently small radius 
r > is an iterated toric knot 7 transversal to the 2-plane distribution £ on Sf given by 
£r : = T x Sr H J{x)T x Sf. Thus the Bennequin index /?(7,£) is well-defined. We refer to 



[lv-Sh-1 ] for the proof of the formula [3 = 25 — 1 relating the Bennequin index (3 of 7 and 



the nodal number S of w(A) in G 5. On the other hand, S can be computed by the 
formula 

m 

<y = 53(di_i-d i )(p i -l), (3.4.19) 

i=i 

see P| or ||Mi| . In the higher dimensional setting, i.e. for n ^ 3, the topological type 



of the cusp u(A) is not determined by the critical exponents and depends on additional 
information encoding further linear relations between Vj. For example, the condition t> 2 
and V\ are linearly dependent defines a proper subset in &p(A,0;B). Moreover, using the 
techniques of this paragraph one can show that this subset is a C £_1 -smooth submanifold 
in ^p-(A,0;S). Details can be recovered by an interested reader. 

Theorem 3.4.5. Let B C C n be the unit ball, p = (po, . . . ,pi) a cusp type, p' = (po, . . . ,pi>) 
the corresponding sequences of admissible exponents, and d' = (d' , . . . ,d' v ) the sequence of 
divisors associated with p' . Then the set 

&>p(A, 0;B) := {(u,J) G ^ Po _i (A, 0; B) : u has a cusp type p in z = } (3.4.20) 

is a C l ~ 1 -smooth submanifold of ^ po _i(A,0;i?) of real codimension 2(n — l)(pi—p — l'). 

Note that p = p' and p\ = p' v . 
Proof. Let u : A(r) — > B be a J-holomorphic map, r > 0, and let 

& k (A,u;B,J) :={u e 0>(A;B,J) :u(z)-u'(z) = o(z k )} 

By Theorem \3.1.3\ , ^k{A,u;B,J) is a C £_1 -smooth submanifold of &(A;B,J) of codi- 
mension 2n(k + l). For I > k it follows that ^i(A,u;B,J) has codimension 2n(l — k) in 
^k{A,u]B,J). Moreover, if J y is a C -smooth family of almost complex structures in B 
parameterized by a (Banach) manifold W and u y G L 1 ' p {A{r) 1 B) a C £_1 -smooth family 
of J^-holomorphic maps, then U yg ^^fc(A,M y ; B, J y ) is a C^-smooth manifold. 

For a given (u*,J*) G ^p-(A,0;S), let fg,--- ,v*, and <£>*(z) = 2 + y\z 2 + H be 



the parameters of u* constructed in Theorem \3.4.4\ . Define to be the space of small 
deformations of v* and (p*. This means that y G & is a tuple (i>o,--- ,^ / ;v 9 2,--- j^-po+i) 
with t>j G C n and ipi G C satisfying |f j — f*| < £ and |y2j — f*\ < £ with e sufficiently 
small. Further, let U denote a sufficiently small neighborhood of J* in the space of 
C -smooth almost complex structures in B. For y = (vq,... ;<£>2>---) G ^ and J £ U 
we construct the maps j = 0,... using the recursive relation ( |3.4.9[ ) and set 



<p> y {z) := 2 + ^2-2 H l-^pj-po+i 2 ^ ■ Then for |z| < r' <C 1 the inverse map ip y (z) is 

well-defined and holomorphic. Define u Vt j(z) := u yj j ; i'(<p~ 1 (z)). We obtain a C^ _1 -smooth 
family of pseudoholomorphic maps u y j : A(r') — > B parameterized by (y, J) G W x U. 
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Note that by Theorem |3.4.4| every (u,J) G £Pp{A,0;B) sufficiently close to (u*,J*) lies 
in £P pi (A,u y j; B, J) for an appropriate y G <3f , and such y G & is uniquely defined. Thus 
the union U( J/i j) e ^ x c/^ , Pi (A,M 3/i j;_B, J) is a local C £_1 -smooth chart for ^^(A,0;B). 

Finally, note that the union U( yt j) £ ^ xU & > po _ 1 (A,u yt j; B , J) is naturally isomorphic to 
^ PO (A,0]B) x <3/ . Computing the number of parameters we obtain the codimension of 
the imbedding ^(A,0;B) ^ &> po (A,0;B). □ 

Globalizing Theorem \3.4.5] we obtain 

Corollary 3.4.6. Let p = (pi,. . . ,p m ) be a sequence of cusp types, pi = (pi$, ■ ■ -Pi,k)- 
ki '■= Pi,o — 1 and k := (ki, . . . , k m ). Then the space 

:= {[u, J;z[, . . . 2^J G ^#fc : u has cusp type pt in z* } 
is a C 1 ' 1 -smooth submanifold of of codimension 2(n — 1) YliLo(Pi,k ~ Pi,o ~ 0- 



4. Saddle points in the moduli space 

4.1. Critical and saddle points in the moduli space. In application of the continuity 
method for constructing J-holomorphic curves two main difficulties occur. The first one 
appears in the proof of the "closedness part", when one tries to extend a deformation 
[ut,Jt] G ^ ,t G [0,t'[ into the endpoint t' . This difficulty is connected with the fact 
that the projection ir j : jtft — > J? is, in general, not proper. In particular, for a path 
J t G ^ ,t G [0,f] there may not exist a lift [u t ,J t ] to and the fibers = 7rJ 1 (J) 
can be non-compact. Gromov's compactness theorem ( [ Gro | , see also [ lv-Sh-3| ) gives 



a fiberwise topological compactification of by adding certain degenerate curves C. 
However, for the moment we neglect this difficulty assuming we can avoid it in our case. 

The second main difficulty appears in the proof of the "openness part" when one tries 
to extend a lift [u t ,Jt] G M , t G [0,f], of a path of Jt G J? ,t G [0,1] to a bigger interval 
t G [0,t"[ with some t" > t' . Obviously, this difficulty can appear only if [u#, Jf] is a 
critical point of 7r#, i.e. when the differential of the projection dn j is not surjective in 
[u t ',Jt>}- Thus it is desirable to find conditions on the critical points of 7iy which ensure 
the existence of such a lift. 

Assume additionally that the given path h : [0,1] — > J? , hit) := J t , is C 2 -smooth 
and transversal to 7T/ t : — ► J? , i.e. is a manifold. Let %h : —> I, I '■ = 
[0,1], be the projection. Then we have a well-defined C 1 -smooth bundle homomorphism 
diih : — ► ^hiTI) — M. Further, dn^ vanishes exactly at critical points of iTh and, 
by Lemma 1.3.1\ , at each such point p := [u,h(t)] we have a well-defined quadratic form 



\7dir h (p) : T p ^ h — > ffi. = T t 7. For our purpose it is sufficient to show that each critical 
point p is a saddle, i.e. the quadratic form Vc?7r/ i (p) has at least one positive and one 
negative eigenvalue. 

It turns out that this condition depends only on the geometry of the projection irj : 
^ — > ^ at p = [u, h(t)], and not on the particular choice of a transversal map h : / — > J? . 
In more detail, the situation is as follows. 

First, since ^# is C^-smooth with I ^ 2, the map tt/ : — > ^ defines a C 1 -smooth 
homomorphism of Banach bundles ditj : — > 7r^(T ^). Corollary $.2.$ relates the 
(co)kernel of dirg for a given [u, J] G ^ with H I (S f , ^K), and Lemma \1.3.1\ provides a 
well-defined bilinear map 

$ = $ M := Vcfor, : T {uA Jt x H°(5,^) -> H 1 ^,^). (4.1.1) 
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The situation remains essentially the same if we consider a relative moduli space = 
Y with a C £ -smooth map h : Y — > J? transversal to 7T/. Indeed, one can easily see 

that for the natural projection 717, '■ -4%h Y and a point [u,y] G with h(y) —■ J one 
has the natural isomorphisms 

Ker(dn h :T [uM ^ h ^T y Y) £ Ker{dirj : T M JC -> TjJ) =W Q D (S,JQ, ( . 
Coker (dn h :T [u ^ h ^T y Y) = Coker^ : T M Jl -+ T J( /) ^H 1 ^,^). 

Further, the relation between $ = VaV ^ and Vdir^ is given by the following 

Lemma 4.1.1. i) The isomorphism Coker (aV^) — H 1 (S', ,yV u ) is induced by composition 

T y Y^Tjf -^U H l {S,^Q. 

ii) The bilinear map Vdn h : T\ u ^ y y/j( h x H^S 1 , jfQ — > H 1 (5, jfQ is induced by the composi- 
tion Tj u y ]^h ^ jj^QT^F -» T[„ and iae bilinear map $ : Tj u xH° D (S,jV' u ) — > 
H ; (.S.. I,,). 

Summing up, we obtain the following situation in the most important case Y = I. 

Lemma 4.1.2. For a map h : I — > J? transversal to iij, the singular points of the 
projection : ^Mh —* I ar & exactly those [u,t] G *4%h for which Y\ l (S ir yV u ) = R. 

For such [u,t] G J := ft,(t) one /ias the equality T^^J^h = ^d{S,,jV u ) and 

the isomorphism ^\ u ,j] '■ T t I H 1 (S', JKi)- Moreover, the quadratic form &[ u ,j] '■ 

H° d {S,,jV u ) — > H 1 (S', JV U ) equals to the composition of the quadratic form VaV/i : T^ t y^ h — > 
T t I withH [uA :T t I^H\S,jQ. 

Corollary 4.1.3. The nullity, rank and signature of &[ U ,J] an d VaV^ coincide. 

Definition 4.1.1. Let Q be a quadratic form defined on a (finite-dimensional) vector 
space V and taking values in a vector space W with dimity = 1. Define the saddle index 
of Q by S-ind Q := min{ind + (5, ind_Q}, where \nd±Q are respectively the positive and 
negative indices of Q with respect to some (in fact, any) orientation of W. For a critical 
point [u,J] G ~# with H 1 (S', ,jV u ) = R, call S-ind the saddle index of [u,J]. A point 
[u,J] G ~# is a saddle point of the moduli space *M if and only if S-ind<EVj] is strictly 
positive. 

4.2. Second variation of the <9-equation. To find saddle points of we need to find 
an explicit formula for the form $ in ( |4.1.1| ). Note that, since the space & appears as 
the zero-set of the <9-equation Ql.l.lj) , the description of the tangent space T is given 



by the variation of the (^-equation. Similarly, we show that the form <£> is essentially the 
part of the second variation of the <9-equation invariant with respect to the choice of a 
connection being used. 

Let [u, J] G be represented by (u, Js, J) G M . Recall the description of T{u,j s ,3)*dt 
given in ( [2.2.7 ). Moreover, since du is non- vanishing at a generic point, Js is determined 



by v and J. Note that the tangent space to an orbit G • (u, J) C ^# can be identified 
with du(H°(S,TS)) C $( u ,j S) j)- This defines a subbundle of $ which we also denote by 
du(H°(S,TS)). Thus we obtain the isomorphism 

T M ^^T {u< j s>J) ^/du(H (S,TS)). (4.2.1) 

Explicitly, the tangent space '/'„../ ■ consists of triples ([v],Js,J) for which (v,Js,J) G 
T{ u j s j}jft and [v] is the equivalence class v + du(H°(S : TS)). 
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Definition 4.2.1. Set 

i(u,j 8> j) := (^,j s ,j)/^(H (5,T5))©H 1 ( 1 S,T5). (4.2.2) 



Recall the canonical isomorphism Tj s T g = H 1 (5 , ,TS') given by (|2.2.4j ). For (u, Js, J) G 
define the operator 



D = D U>J : 4, JsiJ) -> 4, JSiJ) [/ 5 ]) := 7J*; + JoduoI s . 



(4.2.3) 



Lemma 4.2.1. Formula (|4.2.2| ) defines a C l -smooth Banach bundle <§ over ^ with the 
fiber $(u,j s ,J) over [ M ? J] G j$ ■ The tangent bundle T^l can be included in the following 
exact sequence of bundles over <M 



-> g®ityTJ £' -> 0, 

where the homomorphisms a = (ai,a 2 ) and (3 = (fti, /3 2 ) ore given 6y 



(4.2.4) 



Qti([v], J S , J) 

a 2 



(M, [j s ]) e <?= <f/du(H (S,TS)) H^TS) 

Du,J ■ £(u,J s ,J) -> &(u,J S) J) 



(4.2.5) 



Proof. It is easy to show that H°(S , ,TS') and H 1 (S',TS') can be considered as smooth 
bundles over ^ equipped with the natural G-action. Then du defines a G-equivariant 
homomorphism between the bundles H°(S,TS) and S '. Hence, using formula Q4.2.2 ), we 
can construct a bundle Sjf over ^ with the induced G-action. By Lemma 2.2.2\ i), this 
is equivalent to the first assertion of the lemma. 

The exactness of ( ggjg ) follows from relations fl2T7D and ( |4T2TlH4T2^ ) . □ 



Lemma 4.2.2. The homomorphisms a\ and /3 2 yield isomorphisms 

„ ai , 0a 

HS,(5 , ,^C) = Kera 2 ^ Ker/?! and H^(5,^) Cokera 2 = Cokerft, 

inducing the identity 



(4.2.6) 



(4.2.7) 



Proof. The isomorphisms (|4.2.6 ) follow from definitions and Corollary \2. 2. j . Moreover, 
we can identify H^S^JQ with Ker ( D U>J : &(u,j s ,j) -> &( u ,j s ,j))- 

Let z : H2)(S, t y^) — > T^jj^ and p : ^ u Js —* ^d{S,jK) denote the corresponding 

inclusion and projection. Fix some connections on T^, t^*jT J? ' , S ', and <8", and denote 
all of them simply by V. Covariant differentiation of the relation (3\ o oi\ + /3 2 ° «2 = gives 



V/3i o ai + V/5 2 o a 2 + (3\ o Vai + /3 2 o Va 2 = 0, 
which together with a 2 oi = and = yields 

poV fiioaioi = — poj3 2 ° Va 2 oi. 



(4.2.8) 

(4.2.9) 
□ 
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Definition 4.2.2. Using the isomorphisms Ker (5 U , j : &(u,j s ,j) -> &L,j s ,j)) — W Q D (S,JQ 
from flOg ) and H\S,TS) = T ls T g from ( g2g) , redefine 

H° D (S^u) ■■= {([v]Js) e £(u,j s ,j)®T Js T g : Du + Joduo I s = }. (4.2.10) 

Then the projection H l p(5', t y^) — > \-\° D (S,N u ) is given by the formula ([t>],Js<) i— > pr iV (f) 
with pr^ :E U ^N U defined by ([TX2D . 

Now assume that some symmetric connections on TX and TS are fixed. They induce 
connections on S and on the tangent bundles and and so on. We shall use 
the same notation V for all these connections. Further, denote by R x {-, •; •) the curvature 
operator of the connection V on X. 

Lemma 4.2.3. For ([v},j s J) G T {uA Jt and ([w],I s ) G H° D {S,JQ C £( u ,j s ,j) 

(V (H ,j s ,j)5)(H,/ s ) = R x (v,du;w) V] + JoR x (v,duoJ s ;w) n + (4.2.11) 

+ V„Jo Vu>o Jg ^ + Vl w J oduoJ s ^ + V W J oVvoJs ^ + J_oVwo_Js_ [6] + 
+ V W J oduo Jff p,j + Jo Vwo Jg ^ + V w Joduo Jg ^ + V V J oduols ^] + 
+ JoVl>oJg [u] + JWuoJs [12] . 

Remark. The numerical subscripts on the various terms are for future reference. 
Proof. Consider the bundle $ := ^'©H 1 (S',TS') over jtft with the bundle homomorphism 
D : $ — > <%", D(w,[Is]) '■= Dw + J oduoI s . We claim that for the covariant derivative 
(\ v ],j s ,j)D) (w,JsO we obtain the same expression as in the statement of the lemma. 
Obviously, this would imply the lemma. 

The only nontrivial point here is to compute the derivative of the operator of covariant 
differentiation V op := V : L lj, (S,u*TX) -> L p (S,u*TX <g>T* S) in the direction given by 
some v G T U L 1,P (S,X) = L 1,p (S,u*TX). To do this, we fix a smooth vector field £ on S 
and a local section w of $ . Then (V op iu) (£) = V^iu is a local section of a Banach bundle 
with the fiber L p {S,u*TX) over u G L^^X). 

Differentiation in the direction v yields 

V„ (V op w) (0 = V^w = R x (v, du(0;w) + Vl v w = (4.2.12) 

R x (v,du;w)^) + (X7° p (Vw))(v). (4.2.13) 

Thus we obtain the formula Vt,(V op ) = R x (v,du; •). Besides, we have the relation V v du = 
Vf , which was already used for deriving ( |1.3.8| ) from flLl.ip . Now, the proof of the lemma 
can be completed by explicit calculations. □ 
Using ( |4.2.11| ) we can describe in more detail the structure of ~kj : jtft — > J? at critical 
points with H^S 1 , N u ) = R. Note that the term [4] in Q4.2.11]) is the only one that depends 
on second order derivatives of J. Further, the operator D = D u j is also independent of 
second order derivatives. Thus, deforming J and preserving the order one jet j 1 J\ u (s), the 
map u '. S — > X remains J-holomorphic with same the .D-cohomology groups Y\ t {S,^V u ). 
The result of such changes of J is given by 

Lemma 4.2.4. Let [u,J] G J( with Hp(S,N u ) = R and a quadratic form $ : H° D (S,N U ) — > 
H]- ) ( t S', N u ) be given. Then there exists a C 1 -small perturbation J G J? of J such that 
j^luis) — J 1 J|u(S') and the restriction of<& u j to \-\° D (S,N u ) equals the given $. Moreover, 
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such a perturbation J of J can be realized in an arbitrarily small neighborhood of a given 
point x G u(S). 

Proof. Let U C X be a neighborhood of the given x. Find U' C U such that tt _1 ({7') 7^ 
and u is an imbedding on u" 1 (U f ). Obviously, it is sufficient to find an appropriate jet 
j 2 J\ u (s) which differs from j 2 J\ u (s) only in U' C\u{S). Then j 2 J\ u (s) can be extended to J 
with the desired properties. 

Covariant differentiation of the identity J 2 = —Id gives the relations V„J° J+ Jo V„ J = 
and 

iV2 J o J + V W1 J o V„ 2 J + V„ 2 J o V, x J + Jo V 2 V1;V2 J = 0, v u v 2 e T X X. (4.2.14) 

Consequently, we have the following description of the possible choice for j 2 J\ u (s) with 
j l J\u(S) — j l J\u(S)- The tensor field u(S) 9iw6 x defined by 

vi,v 2 ,w G T X X h-> 6,(^^2;^;) := V^ 2 (J- J)H G T,.X (4.2.15) 

must be supported in U', symmetricQin v\ and v 2 , J-antilinear in w, and zero for V\,v 2 G 
T x (u(S)) C TjJf. Vice versa, any tensor field with these properties has the form 
®{v u v 2 ;w) = V^ 1>t)2 (J- J)(w) for an appropriate J with ^J^s) = ^JU^)- 

The condition that 6 x (fi,f 2 ;w) vanishes for v±,v 2 G TJ c (tt( ( S r )) means that for x G 
U'nu(S) we can consider ©^(fi, v 2 ;w) as a tensor with arguments V\,v 2 varying in the 
normal bundle N u . Now, for J as above, v G H%(S,N U ), and ^ G Hj 3 (5', N u ® Ifg) 
= H 1 (5', iV^)* we obtain the relation 

(if>,$ j{v,v)) = (i/>,* 1tt j(v,v)) + Re [ ^oQ(v,v;du). (4.2.16) 

Finally, observe that any quadratic form on a finite dimensional space H° D (S,N U ) can be 
realized as Re f s ipoQ(v : v;du) with 6 satisfying the conditions stated above. □ 

4.3. Second variation at cusp-curves. Our aim in this paragraph is to find conditions 
ensuring that a critical point [u,J] G */# with H 1 (S', N u ) = R is a saddle point. Lemma 
4.2.4 shows that such critical points with c/^ smg = are "hopeless" from this point of 



view. Hence, we need to understand in more detail the structure of the bilinear operator 
$ on the component H°(S,^ sing ) C H D (S,<JQ. 

Recall that by the definition of the normal sheaf the stalk (^ t smg ) 2 at z G S is non-trivial 
exactly when z is a cusp-point of u : S — > X and in this case dim c (^ t smg ) 2 = ord z du. Thus 
we want to understand the structure of the moduli space at critical points corresponding to 
cusp-curves. The following two lemmas contain technical results needed for this purpose. 
Recall that the holomorphic line bundle ^(L4]) was introduced in Definition \1 .5.1\ . We 



maintain the notation V and R x {-, ■;■) from Lemma ^.2.3{ . In particular, we have J 
Vd u (£)J, V| v — V^f = R x (du(£),du(r]);v), and other similar relations. Further, we 
assume that V Js = 0. 

Lemma 4.3.1. An element ([w],Is) G H D (S,<JfQ lies in H°(S,^V^ mg ) if and only if w — 
du{w) for some w G L^(S\supp (^ sing ),T5) that extends to w G L 1 *(S,TS®0([A])). 
In this case, outside the zero-set of du one has 

dw = Vw + J50 ViDo J s = — J s oI s (4.3.1) 



2 Obviously, V 2 i t , 2 ( J— J) — V 2 2 Vl {J— J) can be expressed via J— J and the curvature tensor R x (■,■;■) 
of V. But J — J vanishes on u(S). 
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and 

= V^( A,, jv + joduoJs + Joduoj s ) = j( V^) [n] + (4.3.2) 
R x (w,du;v) [v] + JoR x (w,duoJ s ;v) [2l] + \7 w J qVp Jg [5] +V^Jo&o^^ + 

V v JoVu,duoJ S [y] + JoVtiduoJs ^ + V W J oduoJ S [7] + JoVu,duoJ S [8/] + 
V W J oduoJs ^ + Jq duo J g - V?joVw[ 14 ] - JoVvo Vwo Jg . 

Proof. Relation ( [4.3. 1|) follows from the equality 

= D u j(du(w)) + JoduoI s = du(dw) + duo J s oI s = 

= du (^(Vw + Js° V«5 o J s ) + J s o I s j . 

Using J| = —Id we can write the relation in the form Ig = Js° Vw — VwoJ s . 
To show ( |4.3.2| ) we start with the computation of D U ^(V .^v): 

D UtJ (V a v) = V(Vu,v) + JoV(V w v)oJ s + VJ(V w v,duoJ s ) = (4.3.3) 
V^v + V^qVw [i4] + JqV^voJs ^ + J°Vv°Vw°Js m + W(V^AoJg) [18] • 
Similarly, 

Vu,(D U} jv + J oduo J s + J oduo J s ) = (4.3.4) 
V^Vf + Jo Vf o J s + V v Joduo J s -\- J oduo J s + Jo duo J s ) = 
V*,- V m + J °Vl,- voJ s [ir] + V w J°Vv°Js [5] + Vl, v J°duoJ s ^ + 
VJ(WwV,duoJ s ) + V v JoVyjduoJ S [y] + V W J oduoJ S [7] + 
joWuiduoJ S [%l] + V w JoduoJ S [9] + JoVyjduo J S [gl] + JoduoVu,Js [13 y 

Comparing the terms [16] and [16'], it follows that V 2 ^f — V~ v = R x (du,w;v). A similar 
relation holds for the terms [17] and [17']. The equality ( |4.3.2j ) of the lemma is obtained 
by subtracting ( P~3~3l) from ( gggj ). □ 

Lemma 4.3.2. i) In the situation of Lemma \4.3.J\ , let z* G S be a cusp-point. Consider 
w as a section ofTS with poles. Set k := ord z *du = d'\m c(<A^ mg ) z * and choose a local 
complex coordinate z on S centered in z* . Fix additionally ([v],Js,J) G T^j^M and 
if} G H° D (S,N*® Kg) . Then locally in a neighborhood of z* 

z k -w(z) = wo +z-wi H Vz k -Wk +z k -w*(z), 

v(z) = v +z-vi H \-z k -v k +z k -v*(z), (4.3.5) 

ip(z) = ifj +z-ipx H \-z k -ip k +z k -ip*(z), 

where w*(z), v*(z), and ip*(z) are L 1,p -smooth local sections of the corresponding bundles 
vanishing at z = 0. 

H) The polynomials in ( |4.3.5[ ) can be considered as the order k jets of the following local 

holomorphic objects: a section of TS for wq-\ V z k ■ w k , a (E u ) z * -valued function for 

vo~\ Vz -Vie, and resp. (N*) z *-valued (0,1) -form for ipQ-\ \-z k -ipk- In particular, the 

coefficients can be considered as well-defined elements 

Wi = (£y(z k w(z))\ z=0 e (T;,sr*- k ®T z *s, 

v t = V%v(z))\ z=0 G (T? f Sr®(E u ) z *, (4.3.6) 
rlH = V^(z))| 2=0 G (T;»S)®*®(N:®K s ) z *. 
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Proof, i) It follows from Definition \1.5.1\ that du, considered as a holomorphic section of 
the bundle Horn^TS", E u ), locally has the form du(z) = z k s(z) for some local holomorphic 
non-vanishing section s. Consequently, ( L4] ) = &(k - [z*]) in a neighborhood of z*. Thus 
by Lemma \i.3.1\ w can be locally represented in the form w(z) = z~ k -w(z) for some local 
L^-smooth section of TS. Equation ([4.3. 1|) is equivalent to dw = — i • z k ■ Is and implies 
the estimate |cM)(z)| ^ \z k \ ■ \Is(z)\. Now we use Lemma \1.2.4\ . 

The same argument applies to v(z) and ip(z). Indeed, equation ( |2.2.7| ) on v and relation 
( |1.4.3| ) imply the inequality ^ c- \z k \ with some constant c. A similar inequality 

for ip(z) follows from ( |1.5.3| ). 

ii) This part of the lemma can be reformulated in terms of the transformation of coeffi- 
cients Wi, Vi, and ipi under the change of a local holomorphic coordinate z on S and local 
coordinates on X. The claim concerning the change of z is obvious. 

Considering changes of coordinates on X we make the following observation. If x' = 
(x[,... ,x' 2n ) and x" = (x'{,... ,a?2n) are two systems of coordinates on X centered in 
u(z*), then x" = L(x') + Q(x') + ■■■, where L : R 2n — > R 2n (resp. Q : M 2n -> R 2n ) is an 
appropriate linear (resp. quadratic) map, and so on. In particular, x" — L(x') = 0(\x'\ 2 ). 
Consequently, for local frames d x > = (d x >,... ,d x > ) and d x n = (d x ^,... ,d x » ) of TX we 
obtain the relation d x ii(x') — L t (d x ii)(x') = 0(\x'\). Thus, for the pulled-back frames 
u*d x i and u*d x n of E u we have u*d x '(z) — L t (u*d x »)(z) = 0(|2;| fc+1 ). This implies that the 
change of local coordinates on X induces only a linear transformation of the fc-jet of v, i.e. 
the fc-jet of v behaves like a fc-jet of a T u (^*)-valued function. The same argumentations 
can be applied to the fc-jet of if). □ 

Lemma 4.3.3. For [u,J] E Jt, ([w),I) E H° D (S, JK? ng ), {[v),j s ,j) E T [uJ] ^, and ip E 
tt D {S,N u ®K s ) = tt l D {S,N u y it follows that 



^,® u ,j{{[v],J s ,J), (H,/ s ))) = ReRes s (VoV ffi T;), (4.3.7) 
where Resg^o Vu,v) denotes the residual type sum 

Res s (ipoVu,v):= £ lim / f V^w (4.3.8) 

du{z*)=0 6 >0 J\z-z*\=e 

over all cusp-points z* E S of u. 

Moreover, if j = and {[v\J s ) E H°(5,^ sing ), then v = du(v) with v E L^ P (S,TS® 
0{[A])) and 

V»,^«,j((H, Js,0), (HJs))) = ReRes s {4joVdu{w,d)). (4.3.9) 

Proof. First, we note that by Lemma \j.3.2( the formulas ( |4.3.7|41~3.9| ) are well-defined. 

Now, compute the subtraction of ( |4.3.2 ) from ( [4.2. lip . The terms [5], [7], and [9] cancel. 
To simplify further terms we use the Bianchi identity and antisymmetry of R x {-, ■ ;•) in 
the first two arguments. The difference of terms [1] + [2] + [4] — [1'] — [2'] — [4'] is zero: 

R x \v,du;w) - R x \w,du;v) l . + JoR x (v,duoJ s ;w) - (4.3.10) 

[1] [1 ] [2] 

JoR x (w,duoJ s ;v) [0/] + V%JodMoJs_ ^ - V 2 WtV JoduoJ S [ii] = (4.3.11) 

= R x {v , du; w) + R x (du,w; v) + JoR x (v, du o J s ; w) + (4.3.12) 
JoR x (duoJ s ,w;v) + R x (v,w;JoduoJ s )-JoR x (v,w;duoJ s ) = (4.3.13) 
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= R x (v , du; w) + R x (du,w; v) + R x (w,v; du) + (4.3.14) 

JoR x (v,duoJ s ;w) + JoR x (duoJ s , W ;v) + JoR x (w,v;duoJ s ) = 0. (4.3.15) 

In the differences [3] — [3'], [6] — [6'], and [8] — [8'] respectively, we use the relation 

V(iu) = V(du(w)) = Vu,du + duo\7w. (4.3.16) 

This yields 

V„Jo Vwo Jg , 3 j — V V J oVwduo Js_ r 3 n = VyJoduo Vwq Js ^„y (4.3.17) 
and similar equalities for [6] — [6'] and [8] — [8']. Thus we obtain 

V(H j s , j) (D) (H ,Is) = VyjoduoVwo J S [yi] + joduoVwo J S [RII] + (4.3.18) 

JoduoVwo j s , 8 ,n + V v JoduoIs r 1Q] +JoVvoIs_ + joduoI S [12] (4.3.19) 

- J oduoV^js [13] + Vf qVw [14] + JoVvo_Vw_oJ5 [15] -D^jy^v) (4.3.20) 

Further simplification uses the relation Is = Js °Vw -Vwo Jg. This gives 

V v J o du oVroo Jjj i 3 ,n + VyJ °duoIs ^ = V v Joduo'VwoJs+ (4.3.21) 

V V J oduo(JsoVw — Vwo Js) = V V J oduo JsoVw y yi ,y (4.3.22) 

and similarly, 

Jo duo Vwq Js [q„] + Joduols ^ = Jo duo Jgo Vw ^j, (4.3.23) 

JoVno/g ^l + Jo Vf o ViDq Jg r 15 i = Jq Vf o Jgo Vi2; ^ 15/ j. (4.3.24) 

Now we put together the terms [3 W ], [&"], [14], and [15']. Because of the relation 

Vv + Jo Vf o J s + V v JoduoJ s + JoduoJ s + JoduoJs = (4.3.25) 

this yields 

V„ J o du o J s o Vw [3;//] + JoduoJsoVw ^ + V^oVw [14 ] + Jo V-uo Jgo Vw [15 ,| = 

(4.3.26) 

(V V J oduo J s + Jo duo J s + Vt> + Jo Vf o J 5 ) oVt« = — Jo duo Jgo Vi^ g ,„j. (4.3.27) 

Finally, we conclude that outside the zero-set of Ju one has 

V (Hi i s ,i)P)(H,/ s )= (4.3.28) 

J oduo( Vwo jg [a/;] - JgoVw [a/;/] - V^jg [13] ) - .D M| j(V^) (4.3.29) 
Note that ipo J odu = ipoduo J s = 0, since ■?/> vanishes on du(TS). Consequently, 

(^$ UlJ ((M,jg,j), (M,/ S ))) = Re / ^o(-V (HiJsiJ) 5)(M,/g)= (4.3.30) 

' J S 

Relim/ ^o(-V (M Js n/3)(H,/g) = Re lim / V°-D«,j(V««). (4.3.31) 
Integrating by parts and using .D?/> = we obtain the desired formula (|4.3.7| ). 



To obtain (^4.3.9| ) we use ( |4.3.16|) and relation ipodu = 0. □ 
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Now we can describe the structure of <E> U) j for cusp-curves. Here we restrict ourselves to 
the case when (X, J) is an almost complex surface. The point is that, unlike to the higher 
dimensional situation, in this dimension there are topological reasons for the existence of 



cusp-curves, see Lemma 2.3.4 . 



Other than the restriction on dimension, our setting is as follows, [u, J] G ^ is a 
J-holomorphic curve with H 1 (S', N u ) = R, z* G S a cuspidal point, k := ord z *du, z a 
local complex coordinate centered at z*, J* a local (integrable) complex structure in a 
neighborhood of u(z*), and (w 1 ^ 2 ) a local system of J*-holomorphic coordinates on X 
centered at u(z*). Finally, we fix some non-zero yb G H°(S,N* <g> K s ) = H l (S,N u )* and 
denote by ord z *i/j the order of vanishing of if) at z*. 

Lemma 4.3.4. i) After a polynomial transformation of the coordinates (w 1 ,^) 2 ), chosen 
above, the map u will have the form 

u{z) = (z k+1 P 1 (z),z k+l+2 P 2 (z))+z 2k+1 g(z), (4.3.32) 

such that ^ / ^ k, P\ is a polynomial of degree ^ k with Pi(0) 7^ ; P 2 is a polynomial of 
degree ^k — l — 1, trivial if I = k or with P 2 (0) 7^ otherwise, and g(z) is an L 1,p -smooth 
C 2 -valued function. 

H) The integers ord z *f/> and I do not depend on the particular choice of coordinates 
(w l ,w 2 ) and G H°(S,iV* <g> K s ). For the restriction of $ UiJ on the stalk (^ sing ) 2 * C 
H°(,S,.< sing ) ; it follows that 

ind + ($ U)J | ( ^n^J = ind_($ U)J | ( ^„ g) J = 
S-ind (®u,j\^™<l )z J = max(0,/c-/-ord 2 *V ; )- 

m) If z\ and z\ are distinct cusp-points of u : S —* X , then the stalks (^ t smg ) 2 * and 
( I y(^ smg ) z * are $- orthogonal, i.e. 

®uA(^u ne )^(^:' ne )^)=0. (4.3.34) 



Proof. Part i) follows immediately from Lemma \l.2.3j . It simply says that if ord z *du = k, 
then the jet j 2k+l u is well-defined and holomorphic, i.e. can be represented by a complex 
polynomial. Note that the theorem of [ |Mi-Wh| ] (see Lemma \1.2.1\ ) says that topologically 
one can also define higher terms which determine the whole behavior of u at z*. 
Part Hi) can be easily obtained from ( 4.3.8|) and (|4.3.9|) . It remains to consider 



Part n). First, we observe that the integer / is the secondary cusp index of u at z* (see 
Definition 3.3. 1\ ). It follows then from the results of Paragraph that this integer is 



well defined and independent of the choice of (w ,w ). The independence of ord z *^ of the 
choice of {w 1 ^ 2 ) and rb is obvious. 

Let J* and (w 1 ^ 2 ) be a complex structure and J*-holomorphic coordinates in a neigh- 
borhood of u(z*), such that J*(u(z*)) = J(u(z*)) and u has the local form ( |4.3.32p . 
Differentiating ( |4.3.32| ) we see that in the coordinates (w 1 ^ 2 ) 

du{z) = {z k P{(z),z k+l+1 P^z))+z 2k g'(z), (4.3.35) 

with polynomials 

P[(z) = (k + l)P 1 (z) + z£P 1 (z) and P^z) = (k + l + 2)P 2 (z) +z£ P 2 (z) } (4.3.36) 

of degree ^ k and ^ k — I — 1 respectively and with g'(z) = (2k + l)g(z)dz + zdg(z) being 
/Abounded. 
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From the definition of the Nijenhuis torsion tensor Nj of J we obtain a pointwise 
estimate \djw a \ ^ \Nj\. Further, 

d(w a ou) = (dwaodu)^ ' 1 ^ = djw a odu, (4.3.37) 

since u is J-holomorphic. Consequently, we obtain a pointwise estimate 

\d(w a ou)(z)\ <c- \z k \ (4.3.38) 

with some constant c. Let {e^} a =i,2 be the local J*-complex frame of T*X dual to the 
frame {dw a } a= i2- Then there exists a local J-complex frame {e a } a= i^ of T*X with 
pointwise estimates 

K(w)-e a (w)\ <c-H and |Ve^(w) - Ve a (w)| < c, (4.3.39) 

where |w| 2 = |wi| 2 + |u>2| 2 and c is some constant. Using ( |L3.35| - |4.3.39| ) and the estimates 
\u(z)\ ^ c- and ^ c- \z k \ we conclude that 

aj e a := M*e a is a local complex frame of E u = u*TX with a pointwise estimate 

\d U}J e a (z)\^c-\z k \; (4.3.40) 

b) du, considered as a section of E U ®T*S with the frame e a ®dz, has local form 
( (4.3.35|) , possibly with another g'{z) G LP. Moreover, since du is a holomorphic section 
and e a are sufficiently regular, this new g'(z) is C 1 -smooth. Further, since zdg(z) = 
g'(z) — (2k + l)zg(z)dz is continuous and dg(z) G LP with p > 2, we conclude that zdg(z) 
vanishes at z — 0. This gives an additional relation </(0) = 0. 

Differentiating ( |4.3.35|) we obtain that in the frame e a <g) ob 2 

Vdu(z) =(z k - 1 P{'(z),z k+l P%(z))+z 2k - 1 g"(z), (4.3.41) 

with polynomials 

P^H^P^ + zfP^) and P»{z) = (k + 1 + l)P 2 (z) + zfP' 2 (z), (4.3.42) 

of degree ^ k and ^ k — I — 1 respectively and with 

g"(z) = (2k + l)g'(z) ®dz + zVg'(z) (4.3.43) 

continuous and vanishing at z — 0. By our construction, Pj"(0) = (& + l)fcPi(O) 7^ and 
P^'(0) = (A; + / + 2)(A; + / + l)Pi(0) vanishes if and only if Z = Jfe. 

Since the projection pr : E u — > iV u is obtained as the quotient with respect to the image 
of z~ k du ~ (P[(z), z' +1 P 2 '(,2)), we have the following form for the composition: 

proVdu(z) = P"'(z)+g"'(z), (4.3.44) 

where P"'(z) is a polynomial P"'(z) of degree ^ k — I — 1 given by the relation 

= 3*+Jp»(*)_£ 2 IL\ ll J +o(^ 2fc - 1 ). (4.3.45) 



In particular, P"'(0) = (k + 1 + l)(l + 1)P 2 (0) vanishes if and only if I = k. 
Denoting v := ord 2 .^ we obtain that 

ij) o Vdu(z) = az k+l+v + o(z k+l+u ) (4.3.46) 

with a vanishing if and only if I — k. The proof of part H) of the lemma can be now 
finished using the following algebraic result. □ 
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Lemma 4.3.5. For a given polynomial P(z) = a + aiz-\ h cifc_z-i-2 fc ~ /_1 with a ^ 

and ^ / < k the quadratic form 

fz k+l P(z)(T k w-z*) 2 \ 
(tw , ... , w k ) E C k+1 i-> Re Res, =0 V ; y =0 - ; dz E R (4.3.47) 

is equivalent to the quadratic form 

(z k+l a fV fe w z 1 ) 2 \ 
1 J dz E R (4.3.48) 

and satisfies the index relations 

ind+Q = incLQ = S-indQ = £;-/. (4.3.49) 

4.4. Critical points and cusp-curves in the moduli space. Recall that in Lemma 
\4.3.4\ we found two obstructions for existence of saddle points. They are encoded in the 
secondary cusp-indices U of cusp-points z* of u (see Definition [3.3. 1\ ) and the vanishing 
order at z* of a generic if E H° D {S,N U ®K S ) = (Hk(S,iV u ))*. The behavior h under 
deformation was studied in Paragraph |3.3j . In this paragraph we describe the behavior 
of H° D (S,N U ® Ks). Our main interest is, of course, [u,J] E M with dimKHj^S', N u ) = 1, 
because these are candidates for saddle points. We start with 

Lemma 4.4.1. Let k = (k\, . . . , k m ) and h 1 E N be given. Then the set 

JL k ^:={{u,J s ,J;z)EjL k : dim R H^(S,i\y = h 1 } C ^= fc (4.4.1) 

is a C e ~ 1 -smooth submanifold of codimension h°-h l where h° : = dimRH ( p(iS', N u ). 

The set ^=k,h 1 is G-invariant and the projection pr : ^=k,h 1 — > •^=k,h 1 '■= ^=k,h 1 /G 
is a C^ 1 -smooth principle G-bundle. 

Remark. The definition ( 1.5.1 ) of JV U and the index formula ( |2.2.6|) imply that h° = 
h 1 + 2(fi + (g-l)(3-n)-\k\), where n = ±dim R X and fi := (cipf), [u{S)\). So h° = 

d\m R \-\° D (S,N u ) is constant along ^ =kh \ and 

is a stratification of ^# =fc indexed by h 1 = d\m-^Hr>(S,N u ). Taking the G-quotients, we 
obtain a similar stratification of ^#=fc. Another stratification, more interesting for our 
purpose, is 

^ = U k ^=kM (4.4.3) 
with h 1 — 1. Note that if for given k and h 1 the expected value of h° is negative, then 
-^=k,h 1 is empty. 

Proof. Consider the Banach bundles L 1,P (S,N), L P 01 ^(S,N) over ^#=fc, and the bun- 
dle homomorphism D N : L 1,P (S,N) — > L^ 01 JS,N) constructed in Lemma 3.2.7 . Then 
H^,(5', iV u ) is the (co)kernel of D N . From Lemma \1 . 3. 1\ we obtain the map 

V {vJStJ) D N : H° D (S,N U ) - Hj,(£,tf u ), (4.4.4) 

which is bilinear in (v,Js,J) E T( u ,J s ,j)<^=h an d w ^ H^,(S', iV u ). It is not difficult to 
see that the map Q4.4.4|) can be computed using ( [4.2. 11|) and that it coincides with the 
restriction of $ from (|4.1.1|) to the corresponding spaces. 
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The key point of the proof is to show the surjectivity of the induced map 

$ : T KJs , JH £ fc — Hom R (H° D (5,iV u ), H^iV*)) (4.4.5) 

Then the claim of the lemma will follow from the implicit function theorem. 

Fix bases (w u . . . ,w h o) of H° D (S,N U ) and (V'i, • • • ,Vv) of H D (S,N u <g>K s ) = (H 1 (5',iV u ))*. 
The last isomorphism is the Serre duality from Lemma \1.5.1\ . We must find tangent vectors 
(vij, Js,ij, Jij) e T (uJStJ yytf =k , i = 1, . . . j = 1, . . . , h 1 obeying the relation 

(Vy, $((vy, js,ij,jij),Wi')) = Su'Sjf (4.4.6) 

with (-,-) denoting the pairing from ( |1.5.7| ). 

The main idea is to find solutions of ( 4.4.6|) in the special form such that Vij and Js,ij 



are identically zero, and vanish along u(S) and in a neighborhood of all cusp-points 
on u(S). This assumption implies that all the terms in ( [4.2.11 ) except [7] vanish. Thus 
( [4.4. 6[ ) reduces to 

Re / ipji o V m ., oduoJ s = Su'Sjji. (4.4.7) 
Js 



From this point we can use the arguments either of Lemma \2.1.2\ or Lemma 3.2.4. Note 
that we can arrange Jy to have support in any given open subset U C X with U C\u(S) ^ 0. 

□ 

The big freedom in the choice of implies the following 

Corollary 4.4.2. Let dim^X = 4, i.e. X is an almost complex surface. Then the inter- 
section of ^=k,i and ^# =fc fe i is transversal, so that the set 



JZ =Kl f]Ji( =kM (4.4.8) 



is a C 1 -smooth submanifold of ^ =k of codimension 2|/| + h Q -h 1 . A similar result also 
holds for J£=k,i,h} '■= ^=fc,i,hi/G = Jt =k% i H ^=k,h 1 ■ 

Now we will study the behavior of zeros of a non-trivial ip G W° D (S, N u <g> Kg) for 
[u,J] G ^ = fc /ji =1 . Note that, modifying the construction from Lemma \4.4.3\ , we obtain 



a bundle N* <g> K s over Jk =k x S, C e ^smooth Banach bundles L 1 ' P (S,N* <g> Kg) and 
L p Ql ^{S,N* ® Kg) over ~<£ =k) and a C -smooth bundle homomorphism 

(D N )* : L^ P (S,N*®K S ) -> L P Q ^(S,N* ® Kg). (4.4.9) 

Since the kernel of (D N )* is of constant dimension on each ^ =kth i, we obtain a C^ 1 - 
smooth bundle H^(jS',iV* ® Kg) of rank^ = /i 1 on ^t =k h \ . This means that there exists a 
(local) frame tpi,... jiph 1 °f H2j(*S f , iV* <S>Kg) which depends C -smoothly on (u,Jg,J) G 

In the particular case /i 1 = 1 we obtain a (local) C -smooth family of non-trivial 
ip G H^(5',iV* <$Kg) such that for every (u,Jg,J) the corresponding t/> is defined uniquely 
up to a constant factor. Lemma \1.2.4\ ensures that the zero-divisor of such ip is well- 
defined and has degree Ci(N* ®Kg). By Lemma ft.3.4\, the possible range for Ci(N* ®Kg) 



is the interval between and g — 1. We are interested in the distribution of the zeros 
of ip, especially at cusp-points of u. For a given k = (ki,... ,k m ) we consider m-tuples 
v = (yi, . . . , v m ) with ^ V; L ^ ki, i = 1, . . . ,m. Denote \u\ := Y^iLi v i- 
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Lemma 4.4.3. i) The set M=k )V '■= {(«, Js, J) G ^# =fe>/l i =1 : ord^ ^ z/j } C ^ =fcjh ,i =1 
zs a C l ~ l -smooth submanifold of codimension 2{n — l)\v\, n = ^dim^X. 

ii) Let n = 2, i.e. X is an almost complex surface. Then the intersection of ^ =k ,i and 
•^=k,i> is transversal, so that the set 

<^=k,i,v ■= ^=k,iM=i ^Jt=k,v C JZ =k)h i =1 (4.4.10) 

is a C £_1 -smooth submanifold of codimension 2\l\ + \u\. 

in) Similar results hold for ^=ki, v '■= ^=k,i,u/G = ^=k,i ,h>=\ n^#=fc,iy. 

Proof, i). Fix (u ,Jsfl,Jo) G ^=k,v Let be a local Js-holomorphic coordinate 
on ^ =kh \ = i in the sense of Definition |3.2.5| , centered at the cusp-point z* of (u,Js,J), 
i = 1,... ,m. Further, let ip be a local C £_1 -smooth family of non-trivial elements of 
\-\° D (S,N* ®Ks). Then by Lemma \i.3.2\ , for each i = 1,... ,m and each (u,Js,J) G 

Jk=k,h}=\ we can construct the jets j ki ip = Y^jLo^iJ ' z i °f ^ a ^ 

Repeating the arguments used in the proof of Lemma |3.2.3| we can show that the 
coefficients G (T 2 **)® J ' ® (N*®K S ) Z * depend C' -1 -smoothly on (u,J s ,J) G J£l k>h i =1 . 

This means that ^ =ktU , is the zero set of the (locally defined) function on ^ =kh \ =l 
given by the first z/j coefficients of each j ki ip, i — 1,... ,m, i.e. 

Tt(u } J s ,J) = (ipi,o,.-. ,VVi-i>- •• ,^m,0,--- (4.4.11) 

Consequently, it is sufficient to show the surjectivity of the differential dTf, at the fixed 
(u ,Js t o,Jo). But first we must compute dTf, for a given (v,Js,J) G T( UOi j so j )^ =fc /ji =1 . 
Let 7(t) = (u t ,Js,t,Jt) be a curve in ^# =fefe i =1 which starts at (uo,Js t o,Jo) an d has 
the tangent vector (v,Js,J) at i = 0. Then we obtain a family ^ of non-trivial "0t G 
Hj ) (5',iV'* t <&Kg). In particular, for each t we obtain the relation D* t ty t = 0, where D\ 
denotes the operator D N *® Ks corresponding to (ut,Js,t,Jt)- 

Fix some symmetric connections on X and S. As in Paragraph [4.2| , we obtain induced 
connections for all (usual and Banach) bundles involved in our computations. We use the 
same notation V for all these connections, in particular, for the connection in the bundle 
L 1 'P(5,iV u ) with the fiber L 1 -^, A^J over (u t ,J s ,t,Jt)- Hence for any w G L^faN^) 
we can construct a family w t G L l,p (S,N Ut ) which is covariantly constant. This yields a 
covariantly constant trivialization of the Banach bundle L 1 ' P (S,N U ) along 7. 

For every such family w t we have the relation 

(w t ,D*M=0. (4.4.12) 

Vice ver sa, a f amily if> t G L 1 >P(5',iV* t ® K s ) lies in H^(S,iV* t <g> K s ) if ( jgH holds. 
Rewrite ( 4.4.12|) in the form 

(V t ,Awt) = (4.4.13) 
with D t denoting the operator D^ t Jt : L 1,P (S', iV u J — > ^(5, A^J. After covariant differ- 
entiation in i we obtain (ip t ,D t w t ) + (ipt,{^ ( Vt j s t j t )Dt)w t ) = 0. The latter is equivalent 
to 

(D^uW t ) + ^ t ,(V {vtJst j t) D t )w t ) = 0. (4.4.14) 

Now we can give the description of dTf, at (u ,Jsfl,Jo) G ^ =kh \ =l . For a given 
tangent vector (v,Js,J) we find ip G L 1,P (S,N UQ ®K S ) such that ( |4.4.14j ) holds for every 
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w G L l,p {S, N UQ ®K S ). The existence of such ip is equivalent to the condition that (v, J$, J) 
is tangent to ^# =feft i =1 . Such if) is unique up to addition of if) G Hp(S,N Uo ®K S ). The 
jets j ki if) = ^2/ =0 ipij ■ z? of such if) at 2* are well-defined and 

dT%(v,j s ,j) = (V>1,0, ••• , ^1,^-1,... ,^ m ,0i-.- ^m^-l)- (4.4.15) 

cTT^ is independent of the choice of ?/> provided (u , Js , J ) £ ^=k,w 

To show the surjectivity of cTT^ we must invert the construction above. Let j Ui ~ 1 if> be 

)• _ /)V- /> 

y - ^uo.Jo 



given jets. Extend them to jets j hi ip. Note that by definition the operator = /w 



has the form d" o J o ^ s + R^% K 3 where 

R u*T S ■■N*®K s ^N*®Ks® A (0>1) (4.4.16) 
is a continuous bundle homomorphism. Consider the equations 

(KT + <T S ) + *JV*(*)) = (4-4.17) 
for unknown (pi(zi) defined in a neighborhood of z*. Using Lemma \l-4.2\ we obtain 
pointwise estimates \Ru ,j^ s ( z i) \ ^ C ■ \ z i\ ki - Thus equation ( |4.4.17| ) is equivalent to 

Cf S + (I) " <T S ) <*{«) + € k <,T s f = 0. (4.4.18) 

The existence of solutions of ( [4.4. 18| ) can be deduced from the surjectivity of the operator 
d + R : L 1 ' P (A,C") -> LP(A,C n ) with R <E L p , p > 2. We refer to ||Iv-Sh-l|1 for the 
construction of a right inverse for such d + R. This implies the local existence of solutions 
tpijzi) of ( [4XT7D . 

The regularity property of i? J o s implies that the z ki (fi(zi) are C £_1 -smooth. Thus 
we can construct a, if) & C (S,N* ®Ks) which locally near z* has the form if)(zi) = 
j kx ip + z^(pi(zi) and satisfies ( [4.4.17 ). Now, the surjectivity of Tf, will follow from the 
existence of (v,Js,J) G T( U0 ,Js o,Jo)^=k,V =1 such that for the constructed ^ and a fixed 
non-zero ip G H^(S', N* Q ®K S ) the relation (|4.4.14!) holds for any w G L 1 > P (S,N U0 ). 

Now observe that we can use (|4.2.11|) to compute ^ ( v j v j)Du ,J - This i m P ues that we 
can use the trick from the proof of Lemma fOTJ. Namely, we look for the desired (v, Jg, J) 
in the special form, such that v and Js vanish identically, and J vanishes along uq(S) 
and in some neighborhoods of cusp-points of u(S). Now all terms in (|4.2.11|) except [7] 
vanish, and ( [4.4. 14|) is equivalent to 

KJ KS ^ + ^o°Vjodu oJ s = 0. (4.4. 19) 

To finish the construction of J we use the fact that D f^ s tp vanishes in a neighborhood 
of each cusp-point z*. This yields the surjectivity of Tf, and the first assertion of the 
lemma. 

The second and third assertions follow from previous considerations. □ 

4.5. (Non) existence of saddle points in the moduli space. The results obtained 
above in this section allow us to prove the main technical result of the paper. Let X be 
a manifold of dimension 2n, J? an open connected set in the space of C^-smooth almost 
complex structures on X with £ > 2 non- integer, S a closed surface of genus g ^ 1, and 
[C] G H 2 (X,Z) a homology class. 
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Definition 4.5.1. A pseudoholomorphic map u : S — > X has an ordinary cusp at z* G S 
if for appropriate coordinates z on S and (wi,w 2 ) on X 

u(z) = (z 2 + 0(\z\ 3 ),z 3 + 0(\z\ 3+a )). (4.5.1) 

This property is equivalent to the condition that u has a cusp of order 1 and the secondary 
cusp-index at z*. 

Theorem 4.5.1. Let h(t) = Jt, t £ I = [0,1], be a generic path in J? and the 
corresponding relative moduli space of parameterized pseudoholomorphic curves of genus 
g ^ 1 in the homology class [C] . 

i) If n ^ 3, then every critical point of the projection TCh : —>■ I is represented by an 
imbedded curve C = u(S), u : S — > X ; 

ii) If n = 2, then every critical point of the projection tt/j : I is represented by a 
curve C = u(S) such that: 

• the only singularities on C are nodes or ordinary cusps; 

• the possible number of cuspidal points x on C is 

fi ^ x^ fi + g-1, (4.5.2) 

where fi := (cx(X), [C]) and g is the (geometric) genus of C , g = g(S); 

• the saddle index of d 2 7Th at C is at least x, i.e. 

S-indc<i 2 7rh ^ x ^ /x. 

in) In the case when the inequality ( 4.5.2| ) is a contradiction, the claim n) has the 
following meaning: 

• If g = 0, then Tth has no critical points; 

• If fi + g — 1 < 0, then the space jtfth is empty for generic h. 

Before giving the proof we must specify the meaning of the notion generic path. One 
of the most reasonable conditions is that any two regular almost complex structures 
Jo, J\ £ ^ (see §2.3) can be connected by a path {Jt}tti=[o,i] with the property stated 
in the theorem. To ensure this we need the following easy 

Proposition 4.5.2. Let F : S£ — >• IV be a C x -smooth Fredholm map between separable 
Banach manifolds. Assume that IV is connected and that the index of F is at most —2. 
Then the set ( 3f\F(^) is path- connected. 

Remark. The proposition generalizes the obvious fact that submanifolds of codimension 
at least 2 do not divide the ambient manifold. Note that one can have at most countably 
many connected components of S£ and that on these components the index of F can vary 
from component to component. 

Proof Theorem \4.5.J\ . We already know from Section § that for a generic path hit) = Jt 
in J? the set is a manifold. In previous paragraphs of this section we have showed 
that critical points [u, J] of the projection 7r^ : — > I have an intrinsic description 
independent of the particular choice of the path J t . Moreover, the quadratic form d 2 7Th 
at these points also admits a similar intrinsic description. Furthermore, we have found a 
stratification of the set of "suspicious" points [it, J] G ^ by submanifolds and estimated 
their codimension. It remains to find the strata with the Fredholm index ^ —2 over ^ 
and apply Proposition \4.5.% . 



The "suspicious" points [it, J] on M are those with Y^ D {S,J\Q) = K. They can be 
separated into classes according to the structure of the normal sheaf ,jV u . Since the 
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singular part ^ smg of j¥ u reflects the cusp-curves we are led to the spaces of curves 
with prescribed order of cusps. 

Denote by ind the index of the projection pr ^ : — * ^ , so that ind = 2((ci(X), [C]) + 
(<7 — 1)(3 — ra)). If ind < 0, then for a generic path hit) = J t the set is empty and 



the claim of the theorem holds. Thus we may assume that ind ^ 0. By Theorem 3.2.1 



we must "pay" at least 2(n — l)|fe| dimensions to go to By Lemma [Qj] , we must 



"pay" further ind — 2|fe| + l dimensions to obtain the condition H^i^S^JKi) — K. Note 
that 2(n — l)|fc| ^ 2|fc| + 2 if n ^ 3 and k is non-trivial. Thus in the case n ) 3 we 
"overdraw" our "credit" ind at least by 3. This means that for non-trivial k the index of 
the projection from ^t =h h \ =1 to ^ is at most —3 and we can apply Proposition \l.5.'z . 
Thus for n ^ 3 any critical point of is represented by an immersion u : S — > X. 

In the case n = 2 we can "strike the balance" in a similar way. Indeed, we come to the 
"overdraw" of at least 3 dimensions in each of the following cases: 

a) Y\ l D (S r jV u ) = R and there exists at least one cusp-point of cusp-order^ 2; 

b) Y\ l D {S,,yV u ) = R and there exists at least one cusp-point the secondary cusp-index 

c) H^S 1 , ,jV u ) = R and a non-trivial ^ G ^r>(S, N* <g> Kg) vanishes in at least one 
cusp-point. 

Thus for generic h(t) = Jt we can exclude all these possibilities. The remaining case 
admits only cusps of order 1 with the secondary cusp-index 0. This means that u has 
only ordinary cusps. Since possibility c) is excluded, each such cusp gives input 1 into 
the saddle index by Lemma \i.3.4 - Finally, we estimate the number of such cusps using 



Lemma 2.3.4. 



Now we show that for n ^ 3 and generic h any critical point of is represented by 
an imbedding u : S — > X. Since this result will be not used in the sequel, we give only a 
sketchy proof. 

Denote by ^\ mm the total moduli space of immersed pseudoholomorphic curves with 
the same topological data g = g(S) and [C] G H 2 (X, Z) as usual. In other words, ^j mm = 
^=k with trivial k. It follows easily from Section [] that this is an open set in the 
whole space ^ . The space ^j mm admits a natural stratification in which every stratum 
contains curves with the same number and type of multiple point on the image C = u(S). 
Obviously, the biggest stratum is the subspace of imbedded curves, and this is an open 
subset in ^ mm . The next biggest stratum consists of curves with exactly one transversal 
double point on C = u(S). Let us denote it by with the character x symbolizing a 

transversal self-intersection of exactly 2 branches of C = u(S). 

Locally, ^,* m is defined by the condition u{z\) = u(z2) for some z\ ^ z 2 G S. Lin- 
earization of this condition is the equation 

pr NX (v(z 1 )-v(z 2 )) = 

on [v,Js,J] G Tj u .j]^ mm , where iV x denotes the plane in T x xX normal to both branches 
of C = u{S) at the point x x = u{z 1 ) = u(z 2 ), i.e. N x := T X ,X/ (du{T Zl S) ®du{T Z2 S)) . It 
is easy to see that this condition is transversal. Thus is a C^-smooth submanifold of 



real codimension 2(n— 2). Moreover, it follows from the proof of Lemma \4.4.1\ that biggest 
stratum is transversal to the subspace <M\ m m,h x =\ °f immersed curves with h 1 (S', ,jV u ) = 
1. Consequently, the space ^ m Al=1 := J|^ m fl ijmm./iti of immersed curves with 
h 1 (S', ,jV u ) = 1 and with exactly one transversal self-intersection point is a C £ -smooth 
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submanifold of real co dimension 2(n — 2) in ^j mm ^i = i, and of real codimension ind + 1 



2(n — 2) in jtft . Since 2(n — 2) ^ 2 for n ^ 3, we can apply Proposition \4.5.2 . 

The complementary strata of ^ mm consist of curves having either several double 

points, or one double point with tangency of higher degree, or even more complicated 
multiple points, with the index a encoding the number and the type of multiple points. 
A similar argument shows that these strata are transversal to ^mm^^i and that 

the intersections h i =1 '■= iimmnJimm./iti ar e transversal. The computation of the 

number of conditions shows that these strata have even higher codimension in ^ mm . So 
Proposition \4.5.2\ still applies. This finishes the proof of the theorem. □ 

In applications, one needs a version of Theorem \4.5.J\ for the case of curves passing 



through given fixed points x = (xi,... ,x m ) on X. Recall that for a C -smooth map 
h : I :— [0, 1] — > ^ we denote by ^#h j£C the relative moduli space of J t = /i(t)-holomorphic 
curves passing through x = (xx,... ,x m ) (see Paragraph [2^|). Let rr^x '■ ^h,x — ► I be the 
corresponding projection. We also assume that dim K X = 4. 

Theorem 4.5.3. For a generic h every critical point of the projection ir^x '■ <^h,x I is 
represented by a curve C such that: 

• the only singularities on C are nodes or ordinary cusps; 

• the marked points ( ) are smooth points of C = u(S); 

• the possible number of cuspidal points x on C is 

fi — m ^ x ^ /i — m + g — 1 (4.5.3) 

where g is the ( geometric ) genus of C ; 

• the saddle index of d 2 7th at C is at least k, i.e. 

S-ind cd 2 nh ^ x ^ fi — m. 
In the case when the inequality ( [4.5.3D is a contradiction the claim has the following 



meaning: 

• If g = 0, then tt^^ has no critical points; 

• If fi — m + g — 1<0, then the space is empty for generic h. 

Proof. The main observation in the proof is that after an appropriate modification all 
the results of this section remain valid also for curves passing through fixed points. In 
particular, the most important formulas ( |4.3.7| ) and ( |4.3.9|) from Lemma |4.3.5| holds after 



replacing jV^ m% by ^4^ s ^ g . To show this we note first that Lemmas \i.2.$ , |4.3.J| , and [4.3.2 
can be applied without any modification. After this, the proof of Lemma fj.3.3j applies 
with the only difference that the usual Gromov operator D u j acting in E should be 
replaced by the operator D u _ Z) j acting in E- z . The validation of such a replacement is 
justified in Paragraph \2.4\. Indeed, by the very definition, D u _ Zi j is the restriction of D Uy j 
to the subspace of sections of the subbundle E u _ z C E u . In a similar way one modifies 
the argumentation of Paragraph \4.4\ . 

Finally, we note that the condition of coincidence of some cusp point of C = u(S) with 
some of marked points x\,... ,x m defines a subset in ^ x which has a natural stratification 
into submanifolds of codimension ^ 2. Every such stratum is defined by the cusp order k 
of C = u(S) and indication of the those cuspidal points which pass through the marked 
points Xi, . . . ,x m . This means that every such stratum is a submanifold of the space ^=k- 
Moreover, the codimension of every such stratum in ^# = fc is 4a, where a is the number 
of cusps lying in the marked points. As in the case m = above, one can show that the 
intersection of such a stratum with the space ^# =fc h i =1 is transversal and has the expected 



56 



V. SHEVCHISHIN 



codimension. Hence we may conclude that for generic h such a coincidence can not occur 
in the critical points of 7Th,x- The same argument is applied to show that for generic h 
there are no coincidence of the marked points x\,... ,x m with nodal points of the curve 
C = u(S) representing a critical point of 717. □ 



5. Deformation of nodal curves 

5.1. Nodal curves and Gromov compactness theorem. The total moduli space jtft 
constructed in Section 2 is not complete. More precisely, the projection irj : M — * J? 
is, in general, not proper. This means that there exists a sequence [v,i, Ji] G ^# such that 
Jj converges to G ^ but no subsequence of {ui} converges in L 1 ' p (S',X)-topology, 
even after reparameterization. Gromov compactness theorem ensures that there still 
exists subsequence of {u^ which converges with respect to the Gromov topology, which 
is weaker that the Sobolev L^-topology. 

In the literature one can find several non-equivalent definitions for Gromov topology. 
In this paper we shall use that one which is equivalent to the original definition of Gromov 
Grd] ) . However, our version is more detailed in the sense that it is based on the notion 



of stable maps. This notion for curves in a complex algebraic manifold X was introduced 
by Kontsevich in |K|], see also [|K-M|| . Our definition of stable maps over (X, J) is simply 



a translation of this notion to almost complex manifolds. 

Definition 5.1.1. The standard node is the complex analytic set 

< ■= {{z U z 2 ) GA 2 :z r z 2 = 0}. (5.1.1) 

A point on a complex curve is called a nodal point, if has a neighborhood biholomorphic 
to the standard node. A nodal curve C is a complex analytic space of pure dimension 1 
with only nodal points as singularities. 



Definition 5.1.2. An annulus A with a complex structure J has conformal radius R > 1 
if A is biholomorphic to A(1,R) := {z G C : 1 < \z\ < R}. Define a cylinder Z(a,b) : = 
S 1 x [a, b] = {(6,t) : ^ 9 ^ 2n, a ^ t ^ b}, a < b, with the complex structure 
Jz{§q) '■= §i- Obviously, Z(a,b) is also an annulus A of conformal radius R = e b ~ a . Also 
denote Zk '■— Z(k, k + 1). 

In other terminology, nodal curves are called prestable. We shall always suppose that C 
is connected and has a "finite topology", i.e. C has finitely many irreducible components, 
finitely many nodal points, and that C has a smooth boundary dC consisting of finitely 
many smooth circles 7$, such that C := CUdC is compact. 

Definition 5.1.3. A real oriented surface with boundary (£,<9£) parameterizes a com- 
plex nodal curve C if there is a continuous map a : X —>■ C such that: 

i) if a G C is a nodal point, then 7 a = a -1 (a) is a smooth imbedded circle in E\<9E, and 
if a 7^ b then 7 a H 7^ = 0; 

ii) a : S\lJ^ 1 7 ai — > C\{ai, . . . ,(1n} is a diffeomorphism, where a±, . . . ,aN are the nodes 
ofC. 
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Fig. 1 

Circles 71,..., 75 are contracted by 
the parameterization map a to nodal 
points ai, . . . a 5 . 




Note that such a parameterization is not unique: if g : £ — > £ is any orientation 
preserving diffeomorphism then a 051 : £ — > C is again a parameterization. 

A parameterization of a nodal curve C by a real surface can be considered as a method 
of "smoothing" of C. We shall also use an alternative method of "smoothing", the nor- 
malization. Consider the normalization C of C. Mark on each component of this normal- 
ization the pre-images (under the normalization map nc : C — > C) of nodal points of C. 
Let Ci be a component of C. We can also obtain Cj by taking an appropriate irreducible 
component Cj, replacing nodes contained in Cj by pairs of discs with marked points, and 
marking the remaining nodal points. Since it is convenient to consider components in this 
form, we make the following 

Definition 5.1.4. A component C of a nodal curve C is the normalization of an irre- 
ducible component of C with marked points selected as above. 

This definition allows us to introduce Sobolev and Holder spaces of functions and (con- 
tinuous) maps of nodal curves. 

Definition 5.1.5. A continuous map u : C — > X is Sobolev L 1,p -smooth, u £ L 1,P (C,X) 
if the induced maps Ut := u\ c . : Cj — ■> X of all of its components Cj are L^-smooth. The 
notion of J-holomorphic maps u : C — > X is similarly defined. For -u G L 1,P (C,X) define 
E'u := u*TX. Thus is determined by restricting to each component and by identifying 
fibers over pairs (z',z") of marked points corresponding to nodal points. An L 1,p -smooth 
section v of E u over C is given by a collection of sections vc i £ L 1,p (Ci,E u ), one for every 
component Cj of C, such that v(z') = v(z") for each pair (z',z") of marked points chosen 
as above. Denote by L 1,P {C,E U ) the space of L^-sections of E u . 




1 2 

Definition 5.1.6. The energy or the area of a continuous L| oc -smooth map with respect 
to a metric h on X is defined as 

area fc (u) := \\du\\ 2 L 2 (c) = / |du|^ (5.1.2) 



c 



This definition depends only on the complex structure on C but not on the choice of 
a metric on C in the given conformal class. If an cj-tame almost complex structure J 
is given, there is a prefered choice of a metric h on X defined by h(v,v) := uj{v,Jv) for 
v G TX. 
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Remark. Our definition of the area uses the following fact. Let g be a Riemannian metric 
on C compatible with jc, h a Riemannian metric on X, and u : C — > X a J-holomorphic 
immersion. Then 11^,2^ is independent of the choice of g and coincides with the area 

of the image u{C) with respect to the metric hj(-,-) := ^(h(-,-) + h(J-,J-)). The metric 
hj here can be seen as a "Hermitization" of h with respect to J. It is well-known that 
IM M lli 2 (c) * s independent of the choice of a metric g on C in the same conformal class, see 
e.g. [(5-U|l . Thus we can use the flat metric dx 2 + dy 2 to compare area and energy. For a 



J-holomorphic map we obtain 

\\ du \\h{c)= I \ d xu\l+\d y u\l= \ \d x u\ 2 h + \Jd x u\ 2 h = / \du\ 2 hj = area hj (u{C)), (5.1.3) 
Jc Jc Jc 

where the last equality is another well-known result, see e.g. [|Gro| . Since we consider 
varying almost complex structures on X, it is useful to know that we can use any Rie- 
mannian metric on X having a reasonable notion of area. 

Definition 5.1.7. A stable curve over (A, J) is a pair (C,u), where C is a nodal curve 
and u : C — > X is a J-holomorphic map satisfying the following condition: If C is a 
closed component of C such that u is constant on C, then there exist only finitely many 
biholomorphisms of C which preserve the marked points of C. In this case u is called a 
stable map. 

Remark. One can see that stability condition is nontrivial only in the following cases: 

1 ) some component C is biholomorphic to CP 1 with 1 or 2 marked points; in this case 
u should be non-constant on any such component C; 

2) some irreducible component C of C is CP 1 or a torus without nodal points. 

Since we consider only connected nodal curves, case 2) can occur only if C irreducible, 
i.e. C = C. In this case u must be non-constant on C. 

Definition 5.1.8. A component C of a nodal curve C is called non-stable in the following 

cases: 

1) C is CP 1 and has one or two marked points; 

2) C is CP 1 or a torus and has no marked points. 

Let u \ C — > X be a pseudoholomorphic map. An irreducible component C of C is a 
ghost component (with respect to u) if u is constant on C . The ghost part C gh of C 
(with respect to u) is the union of all ghost components. In this paper we shall deal only 
with the case when all ghost components are closed. 

A map u is non-multiple if, except finitely many points zeC, one has u^ 1 {u{z)) = {z}. 
Note that this condition excludes also ghost components. 

Now we are going to describe the Gromov topology on the space of stable curves over 



X introduced in ||Gro|| . Let {J n } be a sequence of continuous almost complex structures 
on X which converges to Jqo in the C°-topology. Furthermore, let (C n ,u n ) be a sequence 
of stable curves over (X,J n ), such that all C n are parameterized by the same real surface 
S. 

Definition 5.1.9. We say that (C n ,u n ) converges in the Gromov topology to a stable 
Joo-holomorphic curve (Coo,^) over X if the parameterizations o n : S — » C n and : 
S — > Coo can be chosen in such a way that the following holds: 
i) u n oa n converges to Moo°o"oo in the C°(5',X)-topology; 
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H) if {0^} is the set of nodes of and {7^.} are the corresponding circles in S, then 
on any compact subset K d S\Ukjk the convergence u n oa n ^ u^oa^ is L 1,P (K,X) for 
all p < 00; 

m) for any compact subset K (e S\Uk~ik there exists no = n (K) such that cr~ 1 ({a / i c }) fl 
K = ior all n ^ n Q and the complex structures o* n jc n converge smoothly to cr^jc^ on 

/<"; 

iv) the structures cx*jc*„ are independent of n near the boundary dS. 

Condition iv) is trivial if 5 is closed, but it is useful when one considers the "free 
boundary case" , i.e. when S (and thus all C n ) are not closed and no boundary condition 
is imposed. 

The reason for introducing the notion of a curve stable over X is similar to the one for 
the Gromov topology. We are looking for a completion of the space of smooth imbedded 
pseudoholomorphic curves which has "nice" properties, namely: 1) such a completion 
should contain the limit of a subsequence of every sequence of smooth curves which is 
bounded in an appropriate sense; 2) such a limit should also exist for every sequence 
in the completed space; 3) such a limit should be unique. The Gromov's compactness 
theorem ensures us that the space of curves stable over X has these nice properties. 

Definition 5.1.10. Let C n be a sequence of nodal curves, parameterized by the same real 
surface S. We say that the complex structures on C n do not degenerate near boundary, 
if there exist R > 1, such that for any n and any boundary circle 7^ of C n there exist an 
annulus A n ^ C C n adjacent to j n> i, such that all A n ^ are mutually disjoint, do not contain 
nodal points of C n , and have the same conformal radius R. 

Since the conformal radii of all A n)i are all the same, we can identify them with A(1,R). 
This means that all changes of complex structures of C n take place away from boundary. 
The condition is trivial if C n and S are closed, dS = dC n = 0. 

Remark. Changing our parameterizations <j n : S —>■ C n , we may suppose that for any i 
the pre-image a~ 1 (A nii ) is the same annulus Aj independent of n. 

Now we state Gromov's compactness theorem for stable curves. Assume that X is a 
compact manifold and fix some Riemannian metric h on X. 

Theorem 5.1.1. Let (C n ,u n ) be a sequence of stable J n -holomorphic curves over X with 
parameterizations 5 n : S — >• C n . Suppose that: 

a) {J n } is a sequence of continuous almost complex structures on X, which converges 
to Jqo in the C° -topology; 

b) there is a constant M such that area/ l [M n (C n )] M for all n; 

c) complex structures on the C n do not degenerate near the boundary. 

Then there is a subsequence (C nk ,u nk ) and parameterizations a nk : S — > C nk , such that 
(C nk ,u nk ,a nk ) converges to a J ^-holomorphic curve (Coo, tt 00,^00) stable over X . 

Moreover, the limit curve (C nfe ,w nfe ) is unique up to the choice of the parameterization 

O~oo- 

Furthermore, if the structures S^jc n are constant on the fixed annuli A i} each adjacent 
to a boundary circle 7, of S, then the new parameterizations a nk can be taken equal to 5 nk 
on some subannuli A\ C A i; also adjacent to 7$. 



A detailed proof of the theorem in the stated form can be found in 
refer to the original proof of Gromov in JGrc] . 



We also 
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Gromov's compactness theorem induce a natural completion of the moduli space j& . 
Let a closed real surface S of genus g and a homology class A 6 H 2 (X, Z) be given. 

Definition 5.1.11. Nodal J-holomorphic curves tt' : C — > X and u" : C" — > X are 

equivalent if there exists a biholomorphism : C" — > C" with it' = u"o(p. The total 
moduli space M st of stable nodal curves over X is the set of equivalence classes [C,u,J] 
with J G J? and u : C — > X a stable J-holomorphic curve representing a given class 
A e H 2 (X, Z). The space ~<£ st is equipped with the Gromov topology in which a sequence 
[C n ,w n , J n ] converges to [Cx., «oo, Joo] if J« converges to J^, in the C £ -topology and (C n ,u n ) 



to (Coo, Moo,) in the sense of Definition [5.J.S| . Denote by pr^ the natural projection 

prj : [C,u,J]eJ£ Gr I-*. J G £ /. 

Define the Gromov compactification j$ Gr of the total moduli space ^# of pseudoholo- 
morphic curves X as the closure of in ^ s *. 

Note that every fiber ^ Gt '■— ^£ Gr H (prjr) *(J) is compact. Note also that in general 

^# s * 7^ jtf . This means that there are stable curves [C,u,J] e ^# s * which can not be 
reached from j& . 

5.2. The cycle topology for pseudoholomorphic curves. The Gromov compactness 
theorem gives a precise description of the behavior of parameterized pseudoholomorphic 
curves at "infinity" of the total moduli space. However, what we are really interested in 
is not a pseudoholomorphic map u : C — > X itself but rather the image w(C) C X, i.e. 
a non- parameterized pseudoholomorphic curve. The natural space where non-paramete- 
rized curves "live" is the space 3fi{X) of 2-currents on the ambient manifold X. Recall 
that ^(X) is the dual space to the space C°°(X,A 2 X) of smooth 2-forms on X (see e.g. 
| Gr-Ha| , Chapter 3). 



Definition 5.2.1. Let X be a manifold, C an abstract nodal curve with the smooth 
boundary dC such that C := C U DC is compact, and u : C — > X a map which is L 1,p - 
smooth up to boundary. Define the cycle u[C] associated with the map u : C —>■ X as the 
current whose pairing with a smooth 2-form if on X equals (u(C),ip) := f c u*tp. In this 
case we also say that u[C] is represented by the map u: C — > X. 

If additionally w : C — > X is J-holomorphic with respect to some an almost complex 
structure on X, we call C '■— u[C] an J-holomorphic curve C in X. In this case we say 
that the J-holomorphic curve (C, u) over X and the map u : C — >• X represent the curve 
C = u[C]. The set w(C) is called the support of C and denoted by supp (C). 

A curve C in X is non-multiple if it can be represented by a non-multiple pseudoholo- 
morphic map u '. C — > X (see Definitions \1.2.2( and [5.L<5| ) . In this case we identify the set 



u(C) and the current u[C) and use the same notation u(C). 

A sequence of cycles w n [C n ] converges to a cycle WoofCx,] if (u n (C n ),ip) converges to 
(woo(Cdo),^) for any smooth smooth 2-form cp on X. In other words, the cycle topology 
is the topology induced from the space of currents J^(X). 



Lemma 5.2.1. i) Let (X, J) be an almost complex manifold and (C,u), (C',u') closed 
J-holomorphic curves over X . Assume that 

• C and C are parameterized by the same closed surface S ; 

• (C,u) contains no multiple and ghost components; 

• the associated cycles u[C] and u'[C] coincide. 
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Then (C,u) are (C',u') equivalent. 

ii) Let J n be a sequence of continuous almost complex structures on X which converges 
to an almost complex structure in the C° -topology, and (C n ,u n ) a sequence of stable 
J n -holomorphic closed curves over X which converges to (C^jUoo) in the Gromov topology. 
Then u n [C n ] converges to «oo[Coo] in the cycle topology. 

Hi) Let J n be a sequence of continuous almost complex structures on X which converges 
to an almost complex structure in the C° -topology, (C n ,u n ) a sequence of stable Jn- 
holomorphic closed curves over X , and (Coo,Woo) o parameterized J ^-holomorphic curve. 
Assume that 

• u n [C n ] converges to Uoo[Coo] in the cycle topology; 

• C n and Coo are parameterized by the same closed surface S; 

• (Cqo, Mqo) contains no multiple and ghost components; 

• Jqo is C 1 -smooth. 

Then (C n ,u n ) converges to (Coo,Moo) in the Gromov topology. 

Proof. Part i). The hypotheses on (C,u) and (C',u') imply that (C',u f ) also contains 
no multiple and ghost components. The claim then follows from the unique continuation 
property of pseudoholomorphic curves (see Lemma 1.2.9\ ). 



Part ii). This follows from the definition of the Gromov topology and the description 
of the convergence at nodes given in Step 0) of the proof of Lemma \5.3.1\ below. 



Part Hi). Fix a Joo-Hermitian metric h on X. Let ui be the associated 2-form, u(v,w) : = 
h^ooVjiv). Then the structures J n are cu-tame for n ^> 1. Note that even if u is apriori only 
continuous and not closed, the notion of cu-tameness is still meaningful. Moreover, the u- 
tameness provides a uniform bound of h-area of u n [C n ]. Consequently, some subsequence 
(C n >,u n f) of (C n ,u n ) converges in the Gromov topology to a stable Joo-holomorphic curve 
(C^o, Woo). The hypotheses of the corollary imply that {C'^u'^) is equivalent to (Coo,Woo) 
and the result follows. □ 

Remark. The meaning of Lemma \5.2.J\ is that, in the absence of multiple and ghost 
components, the notions of pseudoholomorphic curves over X and in X essentially coin- 
cide. The same also holds for the Gromov and the cycle topologies. Note also that several 
authors ( |[Yej| , |Pa- Wo|| , ||Hum|| ) considered a weaker version of the Gromov compactness 



theorem where the cycle topology is used instead of the Gromov one. 

Definition 5.2.2. Define the cycle compactiGcation jtfi of the total moduli space 
as the set of pairs (C, J) , where J e / and C is a J-holomorphic curve in X which 
considered as the cycle u[C] represented by some J-holomorphic map u : C — *■ X. Equip 
the space ^# with the cycle topology in which a sequence (C n , Jn) converges to (Coo, Joo) 
if J n converges to Joo in the C £ -topology and C n converges to Coo in the sense of Definition 
5.1.9j . Denote by pry the natural projection pr y : (C, J) G ^# i— > J G J? . Define the 



natural projection pr Gr : Ji Gr — > J£ by pr Gr : (C,u, J) G Jl Gr i— > u[C] G M. 

Definition 5.2.3. A normal parameterization of a J-holomorphic curve C in X is given 
by a Riemann surface S (possibly not connected) and a map u : S — > X such that 

1) u[S] = C; 

2) u is J-holomorphic and L 1,p -smooth up to boundary; 

3) the restriction of u to every connected component of S is non-multiple; in particular, 
there are no ghost components, i.e. u is non-constant on every connected component 
of S; 
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4) the number of boundary circles of S is as small as possible. 

Remark. Without condition (3) one could add new ghost spheres to S and make the Eu- 
ler characteristic X(S) arbitrarily large. Condition (4) excludes the possibility of dividing 
components of S into pieces which also allows to increase X(S). 

Lemma 5.2.2. Let J be a C 1 -smooth almost complex structure on X , C an abstract nodal 
curve, and u:C — > X a J-holomorphic map which is an imbedding near the boundary dC. 
Then, up to a diffeomorphism, there exists a unique normal parameterization u : S — > X 
ofu[C). 

Proof. Let C = UjCj be the decomposition of C into irreducible components. Denote 
by rrii the degree ti on Cj. This means that 

• rrii = if Cj is a ghost component, i.e. u is constant on Cf, 

• rrii is the number of points in the preimage u~ 1 (x) for a generic x E «(Cj) otherwise. 

For every non-zero rrii, denote by Si the normalization of the image u{Cj). Denote by 
Ui : Si —>■ u(Ci) the corresponding normalization maps. In particular, rrii = 1 for every 
non-closed component Ci and in this case Si is the normalization of Cj. Define S as the 
disjoint union of the surfaces Si, each taken rrii times. Let u : S — > X be the map which 
coincides with the composition Ui : Si — > u(Ci) ^1 on every copy of 5j. One can see 
that u : S — > X is a normal parameterization of u[C\. 



The uniqueness of such a normal parameterization follows from Lemma \1.2.5] □ 

Remark. Let us give an example showing that the condition on the behavior of u at the 
boundary imposed in Lemma \5.2.2\ is necessary. Define curves C and C" as the disjoint 
unions C := {z E C : \z\ < 2} U {z E C : 1 < \z\ < 3} and C" := {z E C : \z\ < 
3} U {z E C : 1 < \z\ < 2}. Let u' : C -> C and u" : C" -> C be the maps which 
are the standard imbeddings on every component of C and C" . Then obviously (C',u') 
and (C" ,u") are not equivalent in the sense of Definition 5.1.11 and define non-equivalent 
normal parameterizations of w'[C] = u"[C"]. 



Corollary 5.2.3. Under the hypotheses of Lemma \5.2.2\ , the curve u[C], considered as a 



current u[C] E ^{X), admits a unique representation in the form 

u[C) = Y,i m iUi[Ci], 

where the Ui : Ci — > X are J-holomorphic maps and the Ui(Ci) are the irreducible compo- 
nents of supp (w[C]). 

The corollary ensures that the notions of an irreducible component and the multiplicity 
of a closed pseudoholomorphic curve in X are well-defined. 

The importance of the notion of a normal parameterization lies in the fact that it 
allows us to define a natural stratification of the cycle compactification ^# of the total 
moduli space. Let S be a given connected real surface S of genus g and [C] E H 2 (X, Z) 
a homology class, and = jtf{S,X, [C]) the cycle compactification of the total space 
= ^[S,X,\C\) of irreducible pseudoholomorphic curves of genus g in the homology 
class [C]. Take (C, J) E j${S,X, [C]) and consider a normal parameterization u' : S' —>■ X 
of C. Let C = ^2 i m i Ci be the decomposition into irreducible components in the sense of 
Corollary \5.2.3\ . Restricting u' to appropriate connected components we obtain normal 



parameterizations u\ : 5^ — > X of the corresponding Ci 



PSEUDOHOLOMORPHIC CURVES AND THE SYMPLECTIC ISOTOPY PROBLEM 



63 



Definition 5.2.4. The topological type of a component Cj is the triple (S^rrii, [Cj]), 
where [Cj] denotes the homology class of Cj. The topological type r of a curve (C, J) G 
^(S,X,[C]) is the sequence of all topological types of components (S'^rrii, [Cj]) defined 
up to permutation. 

Lemma 5.2.4. i) The space ^ T of pseudoholomorphic curves (C, J) G ^(S,X, [C]) 
o/ a given topological type t is a C e -smooth Banach manifold. The natural projection 
pr ^ : ^ T —>■ ^ is a C l '-smooth Fredholm map. 

ii) The space ^ = „df(S, X, [C]) is the union of subspaces 

Proof. The decomposition C = Yli m i^'i °f every (C, J) G shows that ^ T is the 
fiber product of the spaces ^{S[,X, [Cj]) over all triples (S'^nii, [Cj]) G t taken over the 
space ^ 

^=n( SWCj ] )eT ^^[a])//. 

Checking the transversality condition, one obtains the desired differentiable structure on 

The second assertion of the lemma is obvious. □ 
5.3. Fine apriori estimates for convergence at a node. For the purpose of this 



paper we need a refined version of the Second apriori estimate given in [|Iv-Sh-3|| , Lemma 
3.4. This gives a precise description with estimates of the Gromov convergence in neigh- 
borhoods of the contracted circles. 

Lemma 5.3.1. Let X be a compact manifold X , J* a C 0,s -smooth almost complex struc- 
ture on X with s > 0, and h a metric on X . Then there exist constants e = e(X, h, J*,s) > 
and C < oo such that for any C 0,s -smooth almost complex structure J with 

\\J-J*\\c°,nx)<e (5.3.1) 

and any J -holomorphic map u : Z(0,l) —>■ X the condition 

\\du\\L2( Zk ) ^ e for any k E [0,1 — 1] (5.3.2) 

implies the uniform estimate 

\\duf LHZk) ^ C ■ e~ 2k ■ \\du\\l Hm2)) + C • e- 2 ^ ■ \\du\\l Hz{l _ m (5.3.3) 

for any k G [1,/ — 2]. 



Proof. Step 0). Lemma 3.3 in |Iv-Sh-3|1 states that under hypotheses of the lemma one 
has a "local" estimate 

\\du\\ 2 L 2 {Zk) ^ | (||du||£a(z Jk _ 1 ) + \\du\\ 2 L 2 iZk+l) ^ for any k G [1,1-2] (5.3.4) 

with a universal constant 7 < 1. Then in Corollary 3.4 in |[Iv-Sh-3|l it is shown that (|5.3.4| ) 
implies the estimate 

WfhlW 2 < ,= - 2a (fc-l) . |U 7 .||2 , -2a(l-2-k) 11 j ||2 ^ 

\\ au \\L^(Z k )^ e \\ au \\L 2 (Z(0,2)) +e \\ au \\L 2 (Z(l-2,l)) {0.6.0) 

for any k G [1,/ — 2] with a constant a > related to 7 by 7 = cos ^ 2a ) • 



Remark. Note that in the proof of the estimates ( |5.3.4j) and ( |5.3.5| ) are proven in 



|lv-Sh-3|| under the following assumption: It is supposed that J* and J in question are 



only continuous and that 1 1 J — J* \ \ c°(x) ^ £> f° r some e' = e' (X, J*,h) > independent of 
J. 
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From the relation 7 = cos ^ 2a ) we see * na ^ ^ ne sma U er t ne 7 we have the bigger the a 
in ( |5.3.5|) we obtain. For our purpose it would be sufficient to prove estimate ( |5.3.4|) with 
the parameter 7* := Note however that in the "ideal" case when (X, J, h) is C n with 
the standard complex and Hermitian structures, 7* is exactly the best possible constant, 
see the proof of Lemma 3.3 in |[Iv-Sh-3|| . Thus one can not expect that estimate (|5.3.4j) 
holds with uniform 7^7*. The idea is to consider ( |5.3.4|) with parameters 7^ depending 
on k and to estimate the difference 7^ — 7*. 

Step 1). Under hypotheses of the lemma, for any k e [1,1 — 2], one has the estimate 

IHIiw < Y ■ (iHli^-O + \\M\l*(z k+1 )) (5-3.6) 

for 

lk ■- 7 * + d ■ (e~ ask + e - as{l ~ k) ) (5.3.7) 

with the parameter a > as in Step 0) and some constant C\ depending only on X, h, 
J* , and s. 

While proving this estimate we shall denote by C a constant whose particular value is 
not important and which may not be the same in different formulas. The main condition 
is that these constants are uniform, i.e. independent of J, u, and I, and depend only on 
X, h, J*, and s. 

Estimates ( |5.3.2 ) and ( p.3.5[ ) together with apriori estimates show that 

diam (u(Z(k - 1, k + 2)) < C ■ (e~ ak + e " a(/ - fc) ) . (5.3.8) 

Consequently, due to a uniform Holder C 0,s -estimate on J, for the oscillation of J on the 
image u(Z(k — 1,1 — k)) we obtain 

osc{J,u{Z{k-l,k + 2))) ■ (e- ask + e~ as{l - k) ). (5.3.9) 

This implies that in a neighborhood of each uiZik — l,/c + 2)) there exist an integrable 
structure J st and a flat (i.e. Euclidean) metric h st such that 

\\J-Jst\\L^ {ui z k )) + \\h-h st \\ L ^ {u{Zk)) ^C-(e- ask + e- as ^ (5.3.10) 

Using this we obtain estimates 

Pst«||L2 (Zfe ) = \\d st u-dju\\ L 2 iZk) ^ \\J - J s t\\L°°(u(z k )) ■ \\du\\ L 2 {Zk) ^ 

^C-(e- ask + e- as{l - k) ); (5.3.11) 

\\du\\ L 2 ( z k) ,k-\\du\\ L2{Zk) , hst \ < C- (e— fc + e -^- fc >) ■ \\du\\ L z (Zk}jh . (5.3.12) 

In particular, we can use h st instead of h in our estimates. 

Now consider U as a subset on C n with the standard J st and h st . Then we can find 
Uq G L 1 ' 2 (Z(k-l,k + 2),C n ) such that d 5t u d = d st u and 

||^5l|L 2 (Z(fc-l,fc+2)) ^ C||<9stW||L 2 (Z(A:-l,fc+2))- (5.3.13) 

Set Uff := u — Uq, so that u@ is J st -holomorphic. It follows that 

\\duff\\ 2 L 2 {Zk) < y (\\du ff f L 2 {Zk _ x) + \\du e \\ 2 L 2 {Zk+l) ^ . (5.3.14) 
Together with the estimates on u-g, ( |5.3.14| ) implies ( |5.3.6| ). 

Step 2). There exist a uniform ko = ko(X,h,J*,s) and A£, k = ko,... ,1 — ko with the 
properties 
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i) Af are "supersolutions" of ( |5.3.6|) , i.e. 

^y^-i+^+i) (5-3.15) 

ii) have the desired exponential decay 

Al ^C- e- 2k , Al ^ C ■ e- 2{l ~ k) . (5.3.16) 
in) Ik < 1 f° r k G [k , 1 — k ] . 

Fix k* G Z such that I - 1 < k* < I + 1, so that « f . Set 

^fc : = S ik i + i i , , , 5.3.17 

A * : v - - - (5 - 3 - 18) 

Making the Taylor expansion in k~ l we obtain 

1 , sinh(2) 
cosh (2) cosh 2 (2) 



So the existence of the desired fco( s ) follows from the asymptotic behavior C^e ask = 
o{k~ 2 ) for A; — > oo. 

Step 3). There exists a constant C 2 = C2(X,h,J*,s) such that 

\\ du \\ 2 L2 (Zk ) < C 2 ■ (A+ ■ \\du\\ 2 L2{m2)) + A k • |HI^ ( z(j- 2 ,o)) (5.3.19) 
for any k G [k ,l — k ] with the uniform constant k = ko(s) chosen as above. 
Obviously, fl5.3.19| ) implies the claim of the lemma. Set 

A* := C 2 ■ [A£ ■ \\du\\ 2 L 2 im2)) + A' ■ \\du\\ 2 L 2 m _ 2tl)) 
and choose a constant C 2 so that 

K> > \\Mh(z ko) and Al k0 > \\du\\ 2 L2{Zi _ ko) . 
Then by ( g5g) and ( pXTBD 

\\du\\ 2 L 2 {Zk) -A* k ^^- (||rfn|| 2 L2(Zfc _ i) -A*_ 1 + ||^||i 2{Zfc+i) -A* +1 
Find k max G [/co,^ — ko] realizing the maximum of ||^w||^2( Zfc ) — A* k . Then 



(5.3.20) 



2 



Since 7fc max < 1, the last inequality holds only if ||<iu|| 2 2( Zfe ) ^ A l max - Thus 

H^lli 2 ^) ^ for any k G [k , l — k ]. (5.3.21) 

This finishes the proof. □ 
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Theorem 5.3.2. Let J* be a C 0,s -smooth almost complex structure on the ball B C R 2n 
with < s < 1. Then there exists e* = e*(J*,s) with the following property. For any 
almost complex structure J on B with \\ J— J*\\c°^(b) ^ £ * an d any J -holomorphic map 
u : Z(0,l) — > -B(|) with I ^ 3 satisfying the condition 

\\du\\ L 2 (Zk) ^ e* for any k E [1,1] 

there exist a linear complex structure J st in M. 2n and vectors v + ,v°,v~ E M 2n such that 

{e- t+J *% + + v°^- J * 9 v-)\\l lfliZk) < 

< C* ■ {k e- 2 ^ k \\du\\l 2{m2)) + (l-k) e- 2(1+s)( '- fe) ||rfn||i 2(z(i _ 2i0) ) (5.3.22) 
for any k = 1, . . . ,1 — 1 with a constant C* = C*( J*, s) < oo independent of J, I, and u. 



Proof. In fact, we prove that for the constant e* one can take the e from Lemma |5.3.1 
The proof also exploits the same ideas which were used in the proof of that lemma. 

Step 1. Let J and u : Z(0,l) — > B{\) be as in the hypotheses of the theorem. For 
k — 1, . . . ,1, let x k E B(^) be the average value of u on Z k with respect to the cylinder 



metric, i.e. 



Xk '■= -f u := — / u(t,9)dtd9. 



z k 27T J(t,e)ez k 

Define the complex structures J k by Jk '■= J(u(k,0)). We consider every Jk as a linear 
complex structure in M. 2n , i.e. constant in x E K 2n . Further, any k — 1, . .. ,1 we define the 
metric g k setting g k {y,w) := \{gst{v,w) -\- g st {J k v : J k w)), where g st denotes the standard 
Euclidean metric in M. 2n . Then gk are linear in the same sense as Jk- In computing various 
norms related to Z k or Z(k — 2,k+ 1), we shall use the metric gk without indicating this 
in the notation. Observe that all gk are equivalent since the Jk are uniformly bounded. 
Further, convergence of J kv implies convergence of g ku . 

For any k = 1,... ,1 there exist uniquely defined vectors v k ,v k ,v k E M. 2n such that for 
the function 

v k (t,9) := e-' +J *V + ^ + ^ Jfc V 

the norm ||« — ffc||z,i.2(z fe ) (computed with gk) attains the minimum. 

We claim that under the hypotheses of the theorem there exist a constant C\ = Ci(J*,s) 
and and an integer ko = ko(J*,s) such that for any integer k — ko, ■ ■ ■ , I — ko 

\\ u - v k\\Lh2(Z k ) + \\ v k-l -^fc|||i,2(z fe ) + \\Vk+l-V k \\ 2 L i,2( Zk j ^ 

^7s" (||w-U*-l||Li.a(z fc _ 1 ) + ll«-' y *+l|lii.a(Zfc + i)) + 

-H- d - ^Ci^->^ || ^^.|| ^ 2C ^ C0 ^ >? ^— 2 C i^->C^— a.) || ^^|| ^ 2< ^ cz _ s 0> ) (5.3.23) 

with the parameter 7 S := cosh (2 +2s ) ' Assuming the contrary, there must exist sequences of 

• integers l v — > oo; 

• integers k v — > oo with l v — k v — ► oo; 

• structures J v in B with || J v — J*\\c°< s (B) ^ £*', 

• J^-holomorphic maps u v : Z(0,l u ) — > B(^) with supk=Q,...,i v \\dUu\\L 2 {z k ) — > 

with the following property. For the points x V)k '■= ~fz Uv i ^ e li near complex structure 
Ju,k '■= Jv{x v ,k)i the corresponding metrics g V)k , and vectors v* k ,v® k ,v~ k E R 2n constructed 
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as above for every u v \ z with k — 1, . . . at the position k = k v we obtain the inequality 
in the opposite direction: 

\\u v -v v>ku |||i,2 (Zfc j + Hffe^-i - v kv ||ii,2 (Zfc j + \\v ku+ i - Vk„\\ 2 L i,2 {Zkv) ^ 

>is- (ll^-^v-illii, 2 (z fc _ 1 ) + ll M -"^+ i lli i ' 2 (^ + i)) + 

+ z,-(e- 2 ( 1 +^i^^ (5.3.24) 
Let us estimate the behavior of u v — v Vjk in Z k for k^k v . Set 

:= e _fe 1 1 du^ 1 1 xa (2-(o,2)) + e~ ( '~ fc) ||dwj,|| i 2( Z( ^_ 2 ^ )) . 

Then by Lemma \5.3. i| we have || tfti^ || z> 2 (^ fc ) ^ C - This yields a similar estimate on the 
diameter: diam (u u (Z k )) ^ C ■ A Vjk , possibly with a new constant C. Further, for a linear 
complex structure J' with the corresponding operator d := dj> we obtain the pointwise 
estimate 

du v = du v -d Jv u u = \(d x u v - J' ■ d y u v ) - (d x u v - J v (u v ) ■ d y u v )\ 

^ \ J'-J u ou u \ • | du v | . 

For J vk this yields the estimate 

\\dj U!k u v \\ L 2(z(k-2,k+i)) ^ C(d\am(u„(Z(k-2,k + l)))) s ■ \\du u \\ L 2(z(k-2,k+i)) < C'-A l + k s . 

(5.3.25) 

By construction, J vk are uniformly bounded. This implies that we can represent u v \ z 
in the form u v \ z = w u ^ + f u , k , where w U)k is Jy jfc -holomorphic and f v>k is estimated as 

\\fv,k\W>*{z k ) ^ C-Al+ S . 



Define the positive r] u by the relation 
and set 



Vl = IK - llii.2(X fe J + ||«fe,-i - Vfc, IIl 1 ' 2 ^) + -v K ||ii,2( Xfe J 



: = —u v (t + k v ,0), w uk (t,6) := — w Uik+K (t + k v ,9), 

~ 1 ~ 1 

fu,k{t,0) '■= — fv,k+k„(t + k u ,9), J U)k := J Vjk+kl/ , v^ k := — ^t,fc+fc„' 6 = > 

In other words, we shift all the picture from Z kv to Z and rescale the maps u u , the vectors 
v vki L = +>0j — > an d so on i n a wa Y as to make the left hand side of ([5.3.24D equal to 1. 
It follows from (|5.3.24j ) that A^.f, ^ Cv~ 1 ' 2 r] 1/ = o(r]„) for any fixed k. Consequently, 

||/v,fc||L 1 > 2 (z fe ) — ► for any fixed k and v — > oo. This implies that the norms \\w u ^ k — 
^i/,fc||L 1 > 2 (z fc ) remain uniformly bounded in v for any fixed k. 
Represent every w Vjk as the Laurent series 

w v , h (t,9) = Et=~oo^ m( ' t+J ^ e) <k (5-3.26) 
and denote by w' uk the sum of terms with m = 0,±1, i.e. 



■t+J u 



w 



u,k' 



It follows from the construction of v Vjk that 

\\w^ k -v^ k \\ L i,2 {Zk) = 0{\\f^ k \\ L i,2 {Zk) ) — >0 (5.3.27) 



68 



V. SHEVCHISHIN 



for any fixed k. Indeed, v v>k , considered as a function in 6, is a linear combination of a 
constant and the trigonometric functions cosO and s\r\6. So it is orthogonal to the remain- 
ing terms e m (~ t+Jv ' ke ^w™ k , \m\ ^ 2. Thus w' uk is the best approximation of w Ujk by such 
linear combinations, whereas the difference w' uk — v u>k appears as the best approximation 

of f v ,k- 

Since J^o is bounded uniformly in u, there exists a subsequence, still indexed by u, 
which converges to a linear complex structure J. It follows from the definition of J Vjk and 
the estimate on the diameter of u v (Z k ) for kmk u that for any fixed k the structures «/„,& 
also converge to J. 

Now we show that, after going to a subsequence, u v $ — v Vj o converges weakly in the 
L 1,2 (Z(— 2, l))-topology to a J-holomorphic function, and that this convergence is strong 
in the L 1,2 (Zo)-topology. The inequality (|5.3.24 ) together with the choice of r\ v and the 
construction of u U)k gives boundedness of the norms Hm^.o — ^,o||l 12 (z(-2,i)) uniform in 
v. So the weak convergence follows. From ( |5. 3. 25 ) and Al\ s = o(r] u ) we obtain the 
vanishing w Vi o||£i,2(z(-2,i)) — * 0- The estimate ( |5.3.27| ) and ||/ i /,fe||L 1 . 2 (z fc ) — >0 yield 
^,o||l 1 - 2 (z(-2,i)) — ► 0. Now the desired strong J 1,2 (Z )-convergence follows from 
elliptic regularity of J u> o- In the same way for k — ±1 we obtain the weak L^-convergence 
of u u>k -v^ k in Z fe . 

For fc = 0,±1, let := \\mu v tk — v Ujk be the limit functions obtained above. Since 
||/i/,fc||i,i.2(z fc ) — > 0, these are J-holomorphic functions in Z k , J = lim J uk . 

Observe that the functions v Ut ±i— v u $ are linear combinations of constants and the func- 
tion e ± *cos6 l , e ±l s\n9 which are uniformly bounded in the L 1,2 (Z )-norm. Consequently, 
after taking a subsequence, we also obtain the strong J 1,2 -convergence in Z . This implies 
the strong L^-convergence in Z{— 2, 1). Finally, from ( |5.3.27| ) we conclude that the Lau- 
rent series for each u k does not contain terms of degree m = 0,±1, i.e. a constant term 
and a multiple of e ± (~ t+J9 \ This, in turn, implies that, first, the u k (t,9) are restrictions to 
Z k of the same J-holomorphic function u, and second, \\mv u -i — v u ,o = \'imv v ,i —v Uy o = 0. 

Substituting into (|5.3.24| ), we see that u satisfies the inequality 

\M 2 l i,2 (Zq ) > Is ■ (lluWl^z^ + ||u||l,i,2 (Zl) J . (5.3.28) 

On the other hand, the absence of the terms of degree m — 0, ±1 in the Laurent decom- 
position of type ( |5.3.26|) for u implies the inequality 

INIii.2(z ) ^ 7a • (11^11^,2(^0 + • (5.3.29) 

with 72 := cos ^ 4 ) ■ This inequality is easily obtained for mutually orthogonal terms 
^m e m(-t+je) _ However, since s < 1, 72 < 7 S = cosh (2+2s) > which is a contradiction. 

This implies the validity of (|5.3.23|) for all k — ko, .. . ,1 — ko with fc independent of J, 
I, and u. 

Step 2. We now turn back to the proof of the theorem. To show that ( |5.3.23| ) implies 
( |5.3.22|) , we set for k = 0, . . . ,1 



cosh (2 + 2s 
sinh(2 + 2s 

cosh(2 + 2s) 



4/ . t. cosh (2 + 2s) -2(i+«)ft|i j 112 , 

A k ■- fc " „;„u^o , •° 1 ' e II« M IIl 2 (Z(0,2)) + 
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Then A' k satisfies the equality 

A = | • (AU + A' k+1 ) +d • (e- 2 ( 1+s ) fc ||^||i 2(m2)) +e- 2 ( 1+s )( i - fc )||^||i 2{za _ 2>0) ). 
Consequently, 

\\ U -Vk\\h*(z k )- A 'k+ lk-i-^llz,i.2(z fc ) + \\ v k+i-v k \\l^(z k ) < 

^ Is ■ (\\u - ffc-i Wl^z^j - A! k _ x + ||u - v k+1 \\ 2 L i,2 iZk+l) - A' k+1 )J . (5.3.31) 
As in the proof of Lemma \5.3. 1\ , (|5.3.31|) implies the estimate 

\W-v k \\li,2 {Zk) -A' k ^ 

^ C 2 - ( e - 2(1 + s > fe ||^||i 2( ^ (0 , 2)) +e- 2 ^+ s >^-^||^||i 2( ^ (z _ 250) ) (5.3.32) 

for all k = k ,. . . ,l — k with k independent of J, /, and u. Substitution the definition of 
A' k yields 

\\ u ~ v k\\h.^(Z k ) + \\ v k-l ~ V k\\h^(Z k ) + \\ v k+l~V k \\ 2 Ll , 2 ^ Zk) ^ 

^ C 3 ■ (k- e- 2 ^ k \\du\\l 2(m2)) + (l-k). e" 2 ^)^) \\du\\l 2{z{l _ m ) (5.3.33) 

Step 3. For concrete J, /, and u as in the hypotheses of the theorem, find k* for which 
the right hand side of ( |5.3.33| ) takes its minimum. Set J st := J k * = J(x k *), and v L := v l k *, 
i = — ,0,+, and v(t,9) := v k *(t,9). In view of ( |5.3.33| ), for the proof of the theorem it is 
sufficient to estimate \\v k — v ||xi,2(z fe )- 

We do this by descending recursion starting from k = k*. Assume that we have shown 
that 

lkfc-u|Ui.a ( zO<C'4A: 1/2 e-( 1+ ') fc ||du|| ra(z( o, 2)) (5.3.34) 

for all k — ki + 1, . . . , k* with the constant C4 to be chosen below. By our choice of k*, for 
k — 1, . . . , ki we obtain from ( [5.3.33D 

\\v k -v k+1 \\ L i,2 {Zk) <: 2C 3 k 1/2 e~ {1+s)k \\du\\ L 2 {z{ ^ 2)) . 

Observe that for any function w(t,6) of the form 

w(t, 6)=w° + (e*w+ + e"*wj)cos(6l) + (e*w+ + e~'w7)sin(6>) 

with constant vectors w°,wf,wf G M. 2n — so are all our differences v k — v k i — we have the 
estimate 

\H\L^(z k ) <e-H| L i, a(Zjk+l) . 

Applying this, we obtain 

\\v kl -v\\ L i,2( Zki ) ^ \\v hl -v kl+1 \\ L i,2 (Zki) + \\v kl+1 -v\\ L i,2 {Zkl ) 

^2C 3 /c 1 1/2 e~ (1+s)fcl \\du\\ L 2 {z{ o,2))+e - \\v kl +i -v \\ L ^(z kl+1 ) 
^2C 3 k\ / \^ 1+s ^\\du\\ L 2 {z{ ^+C 4 {k l + 
=2C 3 k\ l \-^ +s ^\\du\\ L 2 {z ^ 2)) + e~ s C,{k l + 

Assume additionally that e~ s l 2 {k\ + l) 1 / 2 ^ k\^ 2 . Then setting C4 := 1 _ 2 - 3 s / 2 we can 

conclude that ( |5.3.34| ) also holds for k — k\. Since the condition e~ s ^ 2 (ki + l) 1 / 2 ^ -k^ 2 is 
equivalent to k\ ^ our recursive construction implies ( |5.3.34|) for all k G [-sztj^*]- 

For the remaining k G [l, pz^l the estimate ( |5.3.34|) follows from Lemma \5.3.1 . 
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Making a similar recursive construction for k = k*, . . . ,1 we obtain the estimate 

ll-^fc — ^|Ux, 2( ^ fc) ^ C 4 (Z — A: )i/2 e -(i+ s )^-^) ||^||^ 2( ^ ( ,_ 2 0) (5.3.35) 
for all k — k*, ... ,1 — 1 with the the same constant C4. Now ( |5.3.34| ), ( |5.3.35| ), and ( |5.3.33| ) 



imply the desired estimate (|5.3.22| ). □ 



5.4. Deformation of a node and gluing. The cycle topology on introduced in 
Paragraph [57|, has the nice property that pry : — > J? is continuous and proper. 
The last property is follows from the Gromov compactness for closed curves. However, 
it is desirable to have a better understanding of the topological structure of j$ . Recall 
that in Paragraph [^3] we obtained a natural stratification of ^ in which the strata 
are distinguished by a topological type of curves. Moreover, every stratum M T has a 
natural structure of a C^-smooth Banach manifold such that the restricted projection 
pr ^ : — ► J? is Fredholm. So to understand of the topology of ^# means to describe 
how different strata are attached to each other. The most important problem is to describe 
deformations of the standard node. Let us formulate the question as follows: 

Gluing problem. Let Jq G JP be an almost complex structure and Uq : s/q — > X a 
Jo-holomorphic map. Describe possible J-holomorphic maps u : Z(0,l) — > X with J6 ^ 
sufficiently close to Jq and I ^> which are sufficiently close to uq with respect to the 
Gromov topology. In other words, we try to reverse the bubbling and construct a single 
map u of a long cylinder Z[0,l) by gluing together the components u ,u ' : A ->• X of the 
map Uq. 

Moreover, one would like to have a smooth structure on the set of such deformation, so 
that the transversality techniques could be applied. This means that one seeks a family 
of deformations of a given uq : &/q — > (X, Jo) depending smoothly on the parameter. 

As the main result of this paragraph we give a satisfactory solution to the Gluing 
problem. Let us start with introducing some notation. 

Definition 5.4.1. For a fixed sufficiently small e > 0, let 

sf := {(z + ,z-) E A 2 : \z + \-\z~\<£} (5.4.1) 

with the projection 

pr^ : st - A(e), prAz + ,z + ) = ■= z + ■ z~ . (5.4.2) 

Further, for A 6 A(e) define the analytic sets 

<?/ x :={(z+,z-)eA 2 : z+ ■ z~ = A} = pr^(A). (5.4.3) 

For A = this is the standard node and for A 7^ a cylinder of conformal radius R — log ^j. 
Define 

:= {(z + ,z~) G &t\ : |A| ^ z ± < 1}. 

Then st^ are subannuli for A 7^ and &t are discs A*, the irreducible components of 
£/q. In any case, st\ = st^ U st^ '. 

To describe a Hermitian metric on a complex manifold X, it is sufficient to indicate 
only the corresponding Kahler form to. In this case we shall say that u induces a metric 
on X or even that u is a metric on X. The author begs the reader's pardon for such 
informality in the terminology. The advantage of such notation is that the restriction of a 
metric on a complex submanifold is given by the restriction of the corresponding Kahler 
form. In this notation, the standard metric on the disc A with the coordinate z is given 
by the form ^dzAdz. 



PSEUDOHOLOMORPHIC CURVES AND THE SYMPLECTIC ISOTOPY PROBLEM 71 

We equip srf\ with the Riemannian metric induced from A 2 . This gives the standard 
metric ^dz ± A dz^ on each component of g/ and the hyperbola metric 

i / IAI 2 \ i / IAI 2 \ 

-(l + ^- I )dz + Adz + = -h+lJ-Uz-Adz- (5.4.4) 

on =e/ A with A 7^ 0. 
Set 

J:={(z + ,z-)e^ : z + -z-^0} = U AeA(£) ^ A 

and 

K ± :={l-£<|z ± |<l}, V:=V + UV~. 

For a given A we have the canonical imbedding V — > =2^, defined by the coordinate 
functions z ± on srf\ and on V 1 * 1 . This imbedding defines the restriction map 

u G l}*(s/ x ,X) h-> U | v G L 1,P (V, A) « ^ (^ + )| y+ , 

Definition 5.4.2. For a nodal curve C with smooth boundary dC = U^,, 7, = S 1 , let 

^(C) be the set of stable pseudoholomorphic maps between C and X, 

&{C) := { (u, J) G L lj> (C,X) x J : dju = 0, u is stable }. (5.4.5) 

Equip £?{C) with the topology induced from L 1,P (C,X) x In particular, &(V) con- 
sists of triples (-u + ,-u _ , J), where : — > X is L 1,p -smooth J-holomorphic map. Denote 
by &*(C) the subset of (u, J) G ^(C) for which u is non-multiple on the union of compact 
components of C. Further, we define 

■= U AeA(e) ^(^ A ), ^K) := U AeA(£) ^K A ) (5.4.6) 

and equip this spaces with the topology induced by the Gromov convergence in the interior 
of srf\ and L^-convergence near boundary. This means that (u n ,J n ,X n ) converges to 
(uoo, J<x>, Aoo) if (J n , A n ) converges to ( Joo, Aoo) in ^ x A(e), the restrictions u n \ v converges 
to Uoo\ v with respect to L 1,p -norm, and u n converges to Uoo in the sense of Definition 5.2.7. 
Elements of &(srf) will be denoted by (u, J, A). As usual, piy stands for the natural 
projections from 3 s (C) or to ^ 

Theorem 5.4.1. T/ie natural map pry : — > £P(V) x A(e), defined by 

pr v (u,J,X) := (u(z + )\ v+ ,u(z-)\ v -,J;\) (5.4.7) 

zs an imbedding of a topological Banach submanifold. 

Moreover, for every (-u ,J ) G ^(=2^)) t/iere exists a neighborhood % C <^(^o) 0/ 
(u , Jo), an e' > 0, and a map $ : x A(e') — > 2?{srf) such that 

• $ is a homeomorphism onto the image; 

• for every A G A(e') £/ie restricted map $ A := $|^ X {A} : ^ — * ^(V) x A(e)takes 
values in C &(&/) and is a C 1 -diffeomorphism; 

• £/ie family of maps \I/ A := pry o$ A : ^ — > ^(V) depends continuously on A G A(e') 
mt/i respect to the C 1 -topology. 

In other words, the theorem statess that = YA0P{stf\) is a continuous family of 

C^-sub manifolds. Before proving this result, we state and prove a corollary which provides 
a technique which allows one to smooth nodal points on pseudoholomorphic curves. 
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Theorem 5.4.2. Let C* be a closed connected nodal curve parameterized by a real sur- 
face S, J* G J? , u* : C* —> X a J* -holomorphic map, and (C*,u*,J*) G Jt Gr = 
^ Gr (S,X, [C*]) the corresponding element of the Gromov compactification of the total 
moduli space. Assume that the map u* : C* — > X is non-multiple. 

Then there exist (C',u',J') G ^# (S,X, [C*]) arbitrarily close to (C*,u*,J*) with respect 
to the Gromov topology such that C is a smooth curve. 



The notation used in this theorem was introduced in Definitions f>.1.8[ and [5.2.2| . Note 



that the condition of non-multiplicity of u* : C* — > X is equivalent to the absence of ghost 
and multiple components. 

Proof. Let {z^, . . . z£} be the set of nodal points of C*. For every z* fix a neighborhood 
Vi isomorphic to the standard node. We may also assume that the sets Vi are pairwise 
disjoint. Let u* denote the restriction of u* to Vi. Applying Theorem \5.4.]\ we can perturb 
Vi = to an annulus V( = and u* : Vi — > X to a J*-holomorphic map u\ : V- —> X. 
If these perturbations (V/,«9 are made small enough, then we can adjust the structure 
J* and the map u* on the remaining part of the curve C* in a way yielding the desired 
(C',u',J')e^(S,X,[C*}). ' □ 



Modifying the proof of Theorem \5.4.% one can also obtain 



Proposition 5.4.3. Let C* be a closed connected nodal curve parameterized by a real 
surface S, J* G J? , u* : C* — > X a J* -holomorphic map, and (C*,u*,J*) G Jt Gr = 
(S,X, [C*]) the corresponding element of the Gromov compactification of the total 
moduli space. Assume that the map u* : C* — * X is non-multiple. 

Then in a neighborhood of (C*,u*,J*) the space ^# Gr is a topological Banach manifold 
and the natural projection pr Gr : ^ Gr —> ^ a homeomorphism. 



Since the result of Proposition \5.4.2\ is not needed for the purposes of this paper, we 
leave it without a proof. 



The proof of Theorem \5.4.]\ is divided in the subsequent lemmas. The first two are 



simple but useful technical results. 

Lemma 5.4.4. Let C be a nodal curve without closed compact components, and E a 
holomorphic vector bundle over C. Then any operator D : L 1,P (C,E) — > L P ^ Q ^(C,E) of 

the form D = 8e + R with R G LP is surjective and its kernel H° D (C,E) admits a closed 
complement. 

Proof. Imbed C into a compact nodal curve C and extend E to a holomorphic vec- 
tor bundle E over C. Without loss of generality we may assume that the Chern num- 
bers (ci(E),Ci) are sufficiently large for each component Cj of C. Now extend R G 
LP(C,Hom R (E,E^>A^)) to ^G D>(C,Hom R (E,E® A^ 1 ))) and set D := d B + & Ad- 
justing R on the complement C\C we may assume that D : L 1,P (C,E) — > L P Q1 ^(C,E) 
is surjective. The sufficient condition for existence of such an adjustment is provided 
by the condition on the Chern numbers of E. Since any rj G L P , Q1 AC,E) extends to 

rj G L P Q1 JC,E), the surjectivity of D implies the surjectivity of D. 

The existence of a closed complement to the kernel of D is shown in | |rv-Sh-2| | in the 
case when D — d. This proof applies also in our case with only minor adjustments. □ 

Remark. The existence of a closed complement to the kernel of D allows us to apply 
the implicit function theorem. 
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Lemma 5.4.5. i) The space L 1,P (C,X) is a smooth Banach manifold with tangent space 

T u L 1 > p (C,X) = L l > p (C,E u ). (5.4.8) 

ii) The space &*{C) is a C -smooth submanifold of L 1,P (C,X) x ^ with tangent space 

T M &\C) = {(v, j) G L 1,P (C,E U ) x TjJ : D VjJ v + joduo J c = 0}. (5.4.9) 

m) <pr v : &(s&q) — > &(V) and pry : — > &(V) x A(e) are C e -smooth imbeddings 
on Banach submanifolds. 



The definitions of the spaces which are involved here are given in Definition |5. 1.5] and 
Definition . 

Proof. Let C = UCj be the decomposition of C into components and {(z' a ,z")} the set 
of pairs of points on the normalization C corresponding to the nodal points. 

i) The space L 1,P (C,X) is a subset of a smooth Banach manifold Y[iL 1,p (Ci,X) defined 
by equations u(z' a ) = u(z"). One checks the transversality condition and computes the 
tangent space. 

ii) One can use the same arguments as in part i). 

in) First we note that Lemma \1.2.h\ H) implies the following unique continuation prop- 
erty: Any J-holomorphic map u, defined on an open set U of a nodal curve C ad- 
mits at most one J-holomorphic extension to an irreducible component C of C pro- 
vided C DU 0. This shows that the restriction maps F : &>{rfo) -> ^(V) and 
F : — > &(V) x A(e) are set-theoretically injective. Note that we have introduced 
new notation, Fq and F, for the restrictions of the map pr v to the corresponding definition 
domains. 

Further, Fq : &(s&q) — > &(V) is obviously C -smooth and the differential dFo : 
T U ^(M)) —> T U &{V) is simply the restriction map dF : (v,J) i— > (v\ v ,J). Lemma 
5.4.4\ shows that the restriction map 

{v e L hp (^ ,E u ) : D u , J v = 0}^{veL 1 ' p (V,E u ) : D uJ v = 0} (5.4.10) 

is a closed imbedding and splits, i.e. admits a closed complement. 

The claim about F : — > &(V) x A(e) is proven in a similar way. Details are left 
to the reader. □ 



A crucial point in the proof of Theorem \5.4.]\ is to find an apriori estimate for the oper- 
ator D Uj j t x which is uniform as A — > 0. Because of local nature of the estimate it is suffi- 
cient to work with the ball B C M. 2n = C n equipped with the standard complex structure 
J st . We start with introducing a chart for the space L 1,p (,c/,C n ) := U\ e/ \( £ - ) L 1 ' p (£tf'\,C n ). 

Definition 5.4.3. For a nodal complex curve C and a complex manifold X let J$?(C,X) 
denote the space of holomorphic maps f : C —> X which are L 1,p -smooth up to the 
boundary dC. In the case X = C we abbreviate the notation to Jj?(C). 



Lemma 5.4.6. There exist families of homomorphisms T\ : L P 01 J&/\,C) — > L 1,P (£/\,C) 
and isomorphisms L A : J4?(£/ ) — ► J4?(£/\) and Q\ : L P Q ^(£/ ,C) — > L P Q ^(^,C) with the 
following properties: 

i) the homomorphisms T\ are right inverses of d : L l,p (srf\,<£) — ► L P Q ^(.a^C); 

n) the norms ofT x , L A; and Q\, as well as L^ 1 and Qx 1 , are uniformly bounded; 
Hi) the homomorphisms T\, L\, and Q\ depend smoothly on A ^ 0. 

3 The results presented in the lemma have been obtained jointly with S. Ivashkovich. 
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Proof. By the definition, the hyperbola metric | ^1 + j^tjz) dz + Adz + on is the sum 
of the standard flat metrics ^dz + Adz + and ^dz" Adz' . Note also that the function 
+ restricted to the subannulus = {(A) 1 / 2 < \z + \ < 1} C &/\, takes values in 

the interval [1,2]. This implies that in every subannulus srf^~ the metric \ {\ + j^p j dz + A 

dz + is equivalent to the disc metric ^dz ± Ad^. In particular, the norm ||f ||x,i,p(^ x ) is 
equivalent to the norm 

(/ (\v\ + \dv\) p -dz + Adz + + [ (\v\ + \dv\) p -dz~ Adz' V . (5.4.11) 

\./|A|<|z+| 2 <l 2 i|A|<|^-p<l 2 J 

We start with construction of T A . For the discs A 1 * 1 with the coordinates z ± respectively 
we define T± : L P {01) (A ± ,C) -> L 1 ' P (A ± ,C) to be the Cauchy-Green operators, i.e. 

and similarly for T~. Then we set 

T^)^) := f ± ((p ± )(z ± ) — f ± ((p ± )(0) 

So are normalizations of T 1 * 1 respectively to the condition T ± (v9 ± )(0) = 0. For a form 
(f G L( ^(£/\,C) we denote by ip ± (z ± ) its restriction to £/ ± C A 1 * 1 extended by to the 
whole discs A ± , and set 

T x ^)--=T + {ip + ){z + )+T-{<p-){z-) 

For the special case A = this construction should be modified follows: Every form 
tp G L^ ^(^o,C) has two components (/9 ± (2; ± ) corresponding to the decomposition 

l; 0>1) Ko, c) = ^ 01) ( a + , c) © l; 0>1) ( a-, c) , 

and the operator T transforms ^ into functions / ± (-2 ± ) := Tq((p ± )(z ± ) which satisfy 
/+(0) = /-(0) = 0. Then / := (/+,/") G L 1 ' p ( t e^ ) ,C). The desired properties of T A can 
be seen in a straightforward way. 

Defining the operators L A , we recall the identification 

= {(^ + (z + ),^-(z-)) G ^T(A+) © JT(A-) : <? + (0) = <T(0)}. 

We set L = Id : je(^ ) -> JT(^o) and 

L A : = ((? + (z + ),<r(z-)) G JT(^) ^ + - <?(0) 

for A 7^ 0. The desired properties of L A are obvious as well. 

Note also that for A ^ the inverse operator L^ 1 essentially gives the Laurent decom- 
position of functions g G Jt?(£/\). 

The definition of Q\ is more subtle. For A ^ G A(e) we set 
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Then every p\ induces a diffeomorphism of the interval [|A|,1] onto [—1,1], such that 
[|A|, |A| 1//2 ] and [|A| 1//2 ,1] are mapped onto the intervals [—1,0] and [0,1] respectively. The 
inverse map is given by 



R M = V 'M1-|AR+^(1-|W + 4|AP . (5A13) 

For A 7^ G A(e) we define the maps af : Z(—l, 1) = [—1, 1] x S 1 — > sd\ which are given 
in the coordinates z ± = r ± e l6 ' ± by relations = R\(p) and 9 ± = 9 respectively, so that 



a x L :(p,9)eZ(-l,l)^z ± = R x (p)e ie e 



'A- 



Now we can explain the reason for the choice of ( |5.4.12| ), which at first glance probably 
seems rather wild. Our choice is made to insure that the pull-back by <j\ of the natural 
volume form of is a constant multiple of the standard volume form on Z{— 1,1), i.e. 



|2 



°l ( I 1+ (^+)lJ ^dz + Adz + j = (l-\\\ 2 )dpAd9. (5.4.14) 

Moreover, 1— |A| 2 remains uniformly bounded as A varies in A(e:), so that the volume 
forms in the right hand side of ( |5.4.14| ) are equivalent. 

The behavior of erf by A close to 0, which is rather delicate, can be described as follows. 
Denote Z + := Z(0, 1) and Z~ := Z(— 1,0). Then for A — > we have convergence of af on 
Z + to a map : Z + —* = A + , an d resp. convergence of on Z~ to a Q : Z~ — > , 
which are given by 

a+:(p,9)^z + = ^p-e w , 



Observe also that we obtain the map Ro(p) = yfp in the limit of Q5.4.13 ) as A — > 0. The 



convergence af — > af is in the C°°-sense in the interiors of Z ± , and in the C°-topology 
up to boundary of Z ± . 

On the other hand, there is no convergence of af on Z T . The topological reason for 
the absence of the convergence of crf\ z ^ is that, making with A a small bypass around 0, 
we perform a Dehn twist with &/\^\ 

Now, we define Q\ representing the components <y9 ± of every ip e L P ^ 01 ^(£/\,C) = 
L P m (A+,C)®L P m (A~,C) in the form p ± (z ± ) = / ± (r ± ,^ ± )rfz ± with //-functions / ± (r ± , 
6 I± ) and setting 

( f + (R x ({r + ) 2 ),9 + )dz + at the point z + = r + e w+ with r+ e [|A| 1/2 , 1]; 
Qx((f) := < > < _ (5.4.15) 

\f-(Rx({r~) 2 ),9~jdz~ at the point z~ = r~e ld with r~ E [\X\ 1/2 , 1]. 

Let us explain the meaning of the construction of Qx given in (|5.4.15|) . The first point is 
that we essentially transform every form <p e L p ^(^,0) into a function / e LP(srf\,<C). 

This is done by representing p in the form p(z + ) = f + (z + )dz + on &/ x + and in the form 
<p(z~) = f~(z~)dz~ on £#x ■ Observe that we use different coordinates z on the different 
parts ^ of Independently of this, we obtain a well-defined //-function / on srf\, 
and hence a family of well-defined maps Fa : L p ^(^,C) — > L P (^,C). It is not difficult 
to see that the F\ are complex linear isomorphisms and that the operator norms 1 1 F\ 1 1 op 
and ||F A _1 || p are bounded uniformly in A. 



The author is indebted to Bcrnd Siebcrt for this remark. 
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The second point is the observation that for the definition of a space L P (Y) only the 
involved measure \x on Y is essential. In particular, if a measurable map g : (Yi,/j,x) — > 
(¥2,1*2) induces an equivalence of measures, i.e. g*u> 2 = e p (y)fii for some bounded p G 
L°°(Fi,/ii), then the induced map g* : L p (Y" 2 ,/-t2) — * L p {Yi,fii) is an isomorphism of 
Banach spaces. Thus our construction exploits the fact that the measures 



IAI 



1 • ± A J=± 



on are equivalent. 



Corollary 5.4.7. The Banach spaces L 1,p (<<^o,C n ) and L 1,p (stf\, C n ) with A 7^ are iso- 
morphic. 

Proof. One uses T A to split the exact sequences 

— c n ) — > l 1 ^, c n ) l p {01) k a , c n ) — 

for A = and A ^ 0. Then one applies L A and Q x to identify ^(^ ,C n ) with Jt?(g? x X n ) 
and respectively L[ 01) {s/ Q , C n ) with 1} C n ) . □ 

Let us explain now the main difficulty in the proof of Theorem \5.4.1\ . Several authors 



see e.g. |[Sie| |, ||Li-'l ] , |[Ru|| ) have approached the Gluing problem by making an appropriate 



local imbedding 9>(sf) ^ L^^C") = U AeA(e) L 1 ' p (^/ A , C n ) and showing that, roughly 
speaking, the <9-equation induces an operator which defines &(srf) and has a certain 
(rather weak) smoothness property. This property is sufficient for showing that for any 
fixed Jg / the compactification j has a well-defined "virtual fundamental class" , the 
basic object to define in the theory of Gromov-Witten invariants. 

The difficulty with this approach is that the smooth structure in L 1,p (£/ ,C n ) given by 
the isomorphism L 1,p (£/,C n ) = L 1,p (£/q,C u ) x A(e) depends heavily on both the linear 
and the complex structures in C n . Moreover, one can show that for a generic smooth 
diffeomorphism g : C 2 — > C 2 the induced map u G L 1,p {s^ ,C n ) 1— ► uog G L 1,p ( E e/,C n ) is 
not even Lipschitzian at generic u G L 1,p (^/o,C n ). 

To the contrary, our approach of imbedding &{srf) into &(V) x A(e) by means of 
tracing the restriction u\ v has the advantage that the smooth structure in &(V) is natural 



and canonical. Here we shall use Lemma \5.4.6j rather in a different way: It serves for us 



as an approximative description of the behavior of the Gromov operator D Uj j )X as A — > 0. 

Definition 5.4.4. Let X be a manifold with a fixed symmetric connection V. Then for 
A G A(e), u G L 1,p ( ! c/a,X), and a C 1 -smooth almost complex structure on X we denote 
by J x the complex structure on &/ x and by 

D U , J>X : L^i^Eu) -> L P m (^ x ,E u ) 

the operator given by 

Du,j,\(v) ■= Vv + JoVvo J A + ^(\7 v Joduo J x - Jo \7 v Jodu). (5.4.16) 

Observe that in the definition of the space L P Q 1 J^/ X ,E U ) we equip E u := u*TX with the 
structure u* J. The construction of D Uj j jX is an extension of the definition of the Gromov 
operator, because for (u,J) G ^{s^\) the definition ( |5.4.16|) coincides with the original 
one in ( |1.3.10| ). 
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Lemma 5.4.8. Let B C M. 2n be the ball and J* a C 1 - smooth almost complex structure in 
B. Then there exist constants e = e( J) > and C = C(J) < oo such that for any almost 
complex structure J with 

\\J — J*^c^{b) ^ e, 
any A G A(e), and any J -holomorphic map u : srf x — > -B(|) wi/i 

IM«IUp(£4) < £, 

i) one has a uniform estimate 

^C" (\\ v \\l^p(v) + \\D u ,j,\v\\ LP ^ A) ) (5.4.17) 

for any v G L l *(^ x ,E u ); 

ii) there exists an operator T u ^ x : L^ 0jl j(^,S u ) -> L^ p (s^ x ,E u ) with D u>JiX oT u ^ x = id; 
Hi) moreover, the family of operators T u j X depends continuously on (u,J,X). 

Proof. Recall that on each half-annulus srf x the hyperbola metric (|5.4.4j ) is equivalent 
to the (flat) disc metric \dz^ Az^. Thus we can apply the Morrey estimate 

diam(u(j^)) ^ C- \\du\\ LP{ ^± } 

which is uniform in A. This gives 

diamKO) ^ C- \\du\\ LPW (5.4.18) 

again uniformly in A. 

Consequently, d\am(u(^/ x )) is sufficiently small. Let J st be a linear complex structure 
in ¥L 2n with coincides with J at some point xq = u(zq) G u(&/ x ). Then || J ou — J s t\\c (£/ X ) 
is also small enough. 

The canonical trivialization of the tangent bundle TB yields the canonical trivialization 
of E u = u*TB and the identification L l 'P(^ x ,E u ) = L^ p (^ x ,C n ). By Corollary we 
obtain a structure of a continuous Banach bundle on the union U( Mi A)eL 1 >p(^ ,b)L 1,p (&?\, E u ) . 

A similar identification for L P Q ^(£/ x ,E u ) requires some modification, since in the defini- 
tion of this space one involves the complex structure J u := u*J = Jou. Therefore we must 
fix a complex isomorphism (p of (TB, J) with the trivial complex bundle (TB, J st ) over B. 
This means that ip is an M-linear endomorphism of TB satisfying ipoj— J st oip. Since J 
coincides with J st at x = u(z ) with z G sf x , we may also assume that \\p — IdyBlIc ^^)) 
is small enough. Using (p, we obtain an isomorphism p* : L P ^(£^ X ,E U ) L P Q t J^/ x ,C n ). 

Moreover, the norms ||</?*|| p and ||</3j 1 ||op are bounded uniformly in A G A(e). Now the 
composition (p#o D u j X is a homomorphism between L 1,p (j^ x ,C n ) and L P 01 Jj^ x ,C n ). 
Using the trivialization (u*TB,u*J st ) we define the operator 

d:L^ p (^ x ,C n )^L P m (^ x ,C n ). 

By construction, \\d — <p*oD Us j t \\\ op is small enough. Consequently, the restriction of D u JX 
to the image of the operator T x constructed in Lemma f>.4.(\ is an isomorphism. Now the 
existence of T u j^ x follows from the "closed graph theorem" of Banach. 

Note that the choice of the point xq and the isomorphism tp used in the construction of 
T u ,j,x can be made continuous on (u, J, A). This means that there exist families xq(u,J,\) 
and (p(u,J,X) which depend continuously on (it, J, A) and have the properties needed 
above. For example, one can set xq(u, J, A) := w(l,A), the image of the point (1, A) G srf x . 
For such a choice of xq(u, J, A) and ip(u,J,\) the family T Uj j jX also depends continuously 
on (u, J, A). 
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As a consequence of n), it is sufficient to prove (|5.4.17|) under the additional condition 
D u ,j,\V = 0. But then 

\\v\\l^p(^ x ) < C 2 - (||v||n*(V) + II^IU"^)) = C *' {\\ v \\l^p(V) + \\dv — <P*°Du,J,\V\\LP(* x )) 

^ C 2 ■ (IMUi.p(v) + \\d — V*°Du,j,\\\op ■ IMUm-^a))- 

This yields (|5.4.17|) provided C2 ■ — v 2 * °-Dm,j,a||o P ^ |- 

Note once more that all the estimates in the proof are uniform in A G A(e). □ 

Lemma 5.4.9. The union U Ae A( e )7" '(&/\) is a continuous locally trivial Banach bundle 
over 

Proof. We use the map pr y to identify U AeA (e)^(^A) with its image in &(V) x A(e). 
By Lemma \5.4.Sj m), we can we consider U Xl z^ £ )T & (&t x ) as subbundle of the bundle 



T0>(V)xA(e) over ^(V)xA(e). This defines the canonical topology on U XeA(s) T 0? (srf x ) . 
Moreover, Lemma fiA.Sj in) implies the claim at all (u, J, A) with A 7^ 0. Hence it remains to 
show the local triviality of the bundle in question in a neighborhood of a given (uo, Jo,0) G 

Consider first the special case when ||c?«o||lp(^ ) is small enough. Under this assump- 
tion, Lemma |5.4.g| provides existence of a continuous family of splittings L 1,P (&/ X ,E U ) = 



Ker(D U; j > x) © lm (T u ^ x ) defined in a neighborhood of (uo, Jo,0) in U Xe A( £ )^(^\)- More- 
over, it follows from the construction of T uJX that the map d : lm (T u ,j,\) L p ^(,s/ x ,C n ) 
is an isomorphism. By Corollary \5. 4. % this implies local triviality of lm (T Mj j )A ). In a simi- 
lar way one shows that for a continuous family of isomorphisms tp u ,j,\ '■ {TB, J) — > (TB, J st ) 
the operators 

v G Ker(D U}JiX ) c L 1>p (^ x , E u ) ^ (Id -T x oB)<p UtJ , x v G ^(^ A ,C«) C L^(^ x ,C n ) 

are isomorphisms. This gives the local triviality of Ker(D u ^\). 
Now observe that the bundle 

{{v, j) G T M &>{s* x ) : v = -T U)J>x {joduoJ x )} (5.4.19) 

is a complement to Ker (D Ut j <x ) in T(u,j)^(^x)- Since the bundle (|5.4.19|) is isomorphic 
to the lift of T Jl (B) onto &(srf x ), it is locally trivial over the whole union lA x &{srf x ). 

Turn back to the general case of the lemma. For a given (uq,Jq,0) G ^(^/q), find a 
radius r > such that for the subnode 

jj£ ■= {( z + ,z~) G : \z + \ < r, \z~\ <r} = A + (r)U A~(r) 

the norm ||c?Uo||lp(^s") is small enough. Define 

A+ := {z + G A+ : \ < \z+\ < 1}, A- := {z~ G A - : | < \z~\ < 1}, 



A 

and 



'■-{(z + ,z ) e £/ x : \z + \ < r, \z \ <r}. 



V':=A + UA-, V":=V'n^. 



For |A| < | we identify A ± with the corresponding subsets in srf x by means of the coor- 
dinates z ± . Then for |A| < \ A + is disjoint from A~ . This gives a family of coverings 
srf x = srf x \JV' parameterized by A with |A| < ?. Moreover, we can consider V and 
U" as constant (i.e. independent of A) complex curves. Now, for any (it, J, A) G 
sufficiently close to (uo, Jo,0) we obtain the sequence 

- T (U)J , A) ^K) ^ T (lt>J , A) ^(V') ©T (U)J , A) ^K) ^ T (n , JiA) ^(V") - 0, (5.4.20) 
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where we set 

&u,J,\( v ) '■= (*V'> U I<) Pu,J,\(v,w) := v\ v „ -w\ v „ 



We claim that the sequence ( |5.4.20| ) is exact and splits. Since a Uj j 5 A is obviously injective, 



it is sufficient to construct a right inverse to each P u ,j,x, a homomorphism 

lu,j,x : T iu>J>x) &(V") -^T WA) ^(V)©T WA) 5»(^) 

such that Pu,j,\°1u,j,x = Id. Furthermore, since /3 U) j,a depends continuously on (u,J,X) G 
^(gtf) close to the (tt , Jo,0), it is sufficient to construct a right inverse only for the 

Aio,Jo,0- 

Consider the restriction map between L 1,p {s^q) and L 1,P {V") induced by the imbedding 
V" ^o. It is well-known that this map admits a left inverse, i.e. a map Q : L 1,P (V"") — ► 
L 1,p («e^o) such that Q(f")|y» = f" for any u" G L 1,P (V"). Let us use the same notation for 
the restriction of Q onto T^ Uo j ^^(V") C L 1,P (V"). Recall that in Lemma \5.4.£\ we have 
constructed the operator T UOi j 0i0 : L p Q1 J£/ ) — > L 1,p (£/ ) which is a right inverse to the 

operator D UOt j 0)0 : L 1,p (^o) -> L P 01) (^ ) • Denote by X^< : L p 0jl) (^o,^ ) ^(o.i)^ '^") 
the operator given the multiplication on the characteristic function of the subset C &/q- 
Now, we obtain a left inverse 7 Uo ,j ,o to the operator /3 Uo ,j ,o setting 



7« ,Jo,oO") : = r (^«o,j ,o ° o D Uo>Joj0 o Q{v"))\ v ,, ((T UO)Joi o o oD UOi J(Jj0 - Id) o Q{v"))\^, 

for t>" G T( n0i j 0j o)^(^")- Let us check that 7« ,j ,o has the desired properties. For a given 
v" G T( Uo j fi)£P(V"), set v" := Q{v"). Then D UQ; j 0)0 v" vanishes on V". Consequently, 
D UOj j 0)0 v" is the sum of the forms (p,ip G L^ 1 ^(,«^o,i? no ) with the supports in V'\V" and 
g?o\V" respectively. Moreover, ip = X^oD Uo>Jofi v". From the relation D Uo>Joi0 oT Uo>Joi0 = 
Id we obtain 

D uo ,j ,o (T Uo ,j ,o°X^ D UOi j ,o°Q{v"))\ v , = {X^oD UOiJofi oQ{v"))\ v , = 0. 

This means that the first component (T UOi j 0j0 oX^oD UOi j 0j0 oQ(v"))\ vi of r y Uo ,J ,o( v ") sat_ 
isfies D UOt j 0)0 v = 0. Thus the first component of 7 MO ,j 0i o takes values in T( U0) j 0i0 )^(V). 
In the same way one can show that the second component of 7 UOj j 0j o takes values in 
^(uo,./o,o)^(« $ ^q)- Finally, it is obvious that the difference of the components of 7« ,j ,o(^ // ) 
is v" . The lemma follows. □ 



Proof of Theorem \5.4. 1\ . Take some (wo, Jo) G Using Lemma |5.4.5| in), we 

identify &{srfo) with its image pry (,^(.e*o)) C &(V) and T( Uo j )£?(g/ ) with its image 
pr v (T (u0iJo) ^K)) C T (u0)Jo) ^(y). 

We claim that there exists a closed complement to pr y (T(„ 0) j )<^(««^q)J in T( UOj j ) t ^(V r ). 
To show this, let us fix a closed nodal complex curve C and an imbedding &/q C. Then 
there exists the unique open set V C C such that VV\s^q = V and VU^) = C- Extend the 
bundle _E U0 = «gC n to an L^P-smooth complex bundle E over C. Also extend the operator 
D uo ,j ,o ■ Ly{^E,J -> L P 013 K,^ ) to an operator 5 : L^{C,E) -> ^ 01) (Cj) of 
the form D = + R where t?g is the Cauchy-Riemann operator corresponding to some 
holomorphic structure in E and R is a C-antilinear L p -integrable homomorphism between 
E and £® A^C, i.e. _R G L p (C, Hom c (E,E® A^C)) . It is not difficult to show that 
the extensions E and D can be made in such a way that the operator D is an isomorphism. 
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In particular, there exists the inverse operator T : L p ^(C,E) — > L 1,P (C,E). For an open 
set U C C define 

jtf(U) := {v G L l > p {U,E) : Dv = 0}. 
In particular, we have J^^o) = pr v {T^j^S? (g/oj) and similar identifications for V and 
V. Define the operator (3 : Jf?(V) ©^T(^) -> Jg?(V) setting := v\ v -w\ v . Then 

there exists an operator 7 : J$f(V) — > ,Jtff(V) ©Jfif^o) which is left inverse to /3. Indeed, 
the construction of the operator 7 Uo ,j ,o made in the proof of Lemma \5.4.£\ can be applied 



with appropriate modifications. In particular, one uses T instead of T UO) j 0t o- 

Observe that the kernel Ker(/3) can be identified in a natural way with the kernel of 
D : L 1,P (C,E) — ► L? ^ (C, E 1 ) . This implies that (3 is an isomorphism and 7 its inverse. 
Consequently, every v G J4?(V) can be uniquely represented in the form v — V\ + V2 
such that V\ extends to vi G Jtf(V) and v\ extends to v 2 G Jf? («sz^o). The set of all 
vi G Jf?(V) = T uo j &(y) obtained in this way forms the desired closed compliment to 
pr y (T KiJo) ^K )) in T {uoM) 3?{V). 

The existence of such a complement implies that there exists a small ball C S?{s$q) 
centered at (u ,J ) and an open imbedding F : % x SB £P(V) with the following 
properties: 

• ^ is a small ball in a closed complement of pr y fT( UO) j )<^(<<#o)j in Tp rv ( UOi j )^(V); 

• the map F is a C 1 -diffeomorphism onto image; 

• the restricted map i'Vx/o} : ^ ~~ > P r y(^0 C pr v (S (£/ o )) C S^(V) coincides with 
P^- 
In other words, % x SB appears as a chart for S^(V) in which pr v (^f) = Fifi/ x {0}) is a 
linear subspace. 

Now consider the natural projection 7r^ : % x ^ — > % restricted to F^ 1 (pr v (£? l (&fx))) ■ 
By Lemma \5. 4. 9| this is a C 1 -diffeomorphism for all sufficiently small A, provided the ball 



is small enough. Denote by 

$ A : pr^pr^^KDn^f x #)) C ^K A ) 

the inverse map. We claim that the family <3>a, parameterized by A G A(e') with a 
sufficiently small e' > 0, has the properties stated in Theorem |5.4. 1\ . In fact, it remains 
to check only the fact that the whole map 

is continuous. However, this follows from the construction of $. □ 

6. Symplectic isotopy problem in CP 2 

6.1. Symplectic isotopy problem. Let E, E' be two (connected) symplectically imbed- 
ded surfaces in a symplectic 4-fold (X,u). Assume that they have the same homology 
class. Then they have the same genus, see Lemma \1.1.'^ . Thus one can ask whether or 
not there exists an isotopy {E t } tg [ 0j i] from E to E' such that all E t are also symplectically 
imbedded. This is refered to as the symplectic isotopy problem. 

The example of Fintushel and Stern [ [Fi-St|| shows that there is no hope to obtain 
a results of this type in the case when (ci(X),[E]) ^ 0. Namely, they proved that 
under certain conditions on a symplectic 4- fold (X,u) there exists an infinite collection 
of symplectic imbeddings Ej X, such that Ej represent the same homology class [C] G 
H 2 (X,Z) but are pairwise non-isotopic, even smoothly. Moreover, the class of symplectic 
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4-folds with these conditions is sufficiently wide, so that one has enough examples of this 
type. 

On the other hand, Theorem \4.5.1\ hints that a satisfactory solution for the symplectic 
isotopy problem in the case (c\(X), [C]) ^ 1 is possible. We state the problem in a more 
precise form. 

Conjecture 1. (Symplectic isotopy problem). Let (X,u) be a compact symplectic 4- 
dimensional manifold and [C] G H 2 (X,Z) a homology class with (ci(X),[C]) ^ 1. Then 
every two symplectically immersed surfaces E and E' in the class [C] are symplectically 
isotopic provided they have the same genus g and the only singularities are positive nodal 
points. 

Recall, there exists a complete classification of compact symplectic 4-folds X which 
come in question. Namely, Corollary 1.5 in [[McD-Sa-3 l, claims 



Proposition 6.1.1. Let X be a symplectic manifold and Ecla symplectically imbedded 
surface which is not an exceptional sphere. Then X is the blow-up of a rational or ruled 
manifold. 

The complete description of possible symplectic structures on such X was done in 
McD-4j| , [ |La-McD|| , and ||McD-Sa-3|| , see also ||Li-Liu|| , JEnJ . 



As the main result of this paper we give a positive solution of the symplectic isotopy 
problem for imbeddings of low degree in CP 2 . 

Theorem 6.1.2. Any two symplectically imbedded surfaces E, E' C CP 2 of the same 
degree d ^ 6 are symplectically isotopic. 



The case d = 1 and 2 of the theorem has been proven by Gromov in ||Gro|| , the case 
d = 3 by Sikorav [|3k-3| . 



In this connection a result of S. Finashin about (non-symplectic) isotopy problem in 
CP 2 should be mentioned. He proves in ||Fir| that for any even degree d = 2k ^ 6 there 



exist infinitely many isotopy classes of imbedded real surfaces in CP 2 having the degree 
d and the genus g given by the genus formula, i.e. g = ( d ~ 1 )( Q! ~ 2 ) . Note that Theorem 



6.1. claims that for d = 6 only one of these isotopy classes is realizable by a symplectic 



imbedding. 



Let us explain main ideas of the proof of Theorem \6.1.% . First we observe that existence 
of a symplectic isotopy {T, t }te[o,i} between surfaces E, E' in a symplectic manifold (X,u>) 
implies existence of an "accompanying" homotopy {Jt}te[o,i] °f tame almost complex 
structures, such that the imbeddings E t ■=— > X are J t -holomorphic. Conversely a homotopy 
of w-tame J t -holomorphic imbeddings is necessarily a symplectic isotopy. So given E and 
Ex, the natural thing to do is to outfit them with compatible structures J and J\, take 
a generic curve J t and attempt to find appropriate liftings E 4 . We do this using the 



following theorem of Harris |[Ha|| for an intermediate construction. 



Proposition 6.1.3. Any two irreducible nodal algebraic curves Cq and C\ in CP 2 of the 

same degree d and the same geometric genus g are holomorphically isotopic, i.e. can be 
connected by an isotopy {C t }t<=[o,i] consisting of nodal algebraic curves. 

By this result, in order to construct the symplectic isotopy, it is enough to construct a 
lifting as above for the case where J\ is the standard integrable structure on CP 2 and Ei 
is some smooth algebraic curve. 

Obviously, Theorem \i.5. 1\ would imply existence of symplectic isotopy if we could show 
that for a generic path {Jt}te[o,i] the moduli space Mj t is non-empty. An obstruction to 
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this is the fact that the projection ir a : ^£ — > J? is not proper. This means that we must 



understand the structure of the total moduli space */# "at infinity" . In Paragraph ]5Z 
we have constructed a completion of and eqquiped it with a natural stratification 
such that every stratum is a smooth Banach manifold. In particular, the transversality 
technique developed in Section || can be applied to every such stratum. 

The next idea in the proof of Theorem |Q7| is to construct a path j t := (C t ,J t ) G M 
which goes piecewisely along some strata and which can be "pushed" into the "main 
stratum" ^ yielding the desired isotopy (St, Jt). The main difficulty in realization this 
idea is to ensure that pushing % into ^ we still remain in the same connected component 
of ^# so that the symplectic isotopy class is preserved. This means that we are interested 
in describing possible connected components of jtft in a neighborhood of a given curve 
(C*, J*) G j& . Moreover, the positive solution of a symplectic isotopy problem would 
follow immediately from the fact that locally exactly one such component exists. Indeed, 
it would be then sufficient to construct any path j t := (C t , Jt) G M connecting £ and S'. 
But existence of such a path follows easily from Theorem \4.5.f\ in the case ci(X)[C] > 0. 

The result of Theorem 6.1.% is obtained via the proof of the local uniqueness of such 



a component of ^ near a given (C*,J*) G in the special case when C* contains no 
multiple components. The restriction d ^ 6 in the theorem comes from the fact that in 
this case it is possible to avoid the appearance of multiple components in C*. We are 
able to do so by demanding that the pseudoholomorphic curves S t in the isotopy path 
pass through fixed generic 3c? — 1 points on X = CP 2 . Note that the number 3d — 1 is the 
maximal possible in Theorem 4.5.3j . 



6.2. Local symplectic isotopy problem. As we have explained in the previous para- 
graph, we are interested in the possible symplectic isotopy classes of pseudoholomorphic 
curves C in a neighborhood of a given singular curve C* with no multiple components. 
The main difficulty in this case is, of course, to understand the local behavior of curves 
C near singular points of C*. In this way we come to the following question. 
The Local Symplectic Isotopy Problem. Let B be the unit ball in R 4 equipped 
with the standard symplectic structure u st , J* an u st -tame almost complex structure, and 
C* C B a connected J* -holomorphic curve in B with a unique isolated singularity at 
G B and without multiple components. Describe the possible symplectic isotopy classes 
of curves C in B which lie sufficiently close to C* with respect to the cycle topology and 
which have prescribed singularities, e.g. prescribed number of nodes and ordinary cusps. 

We start with a construction of certain symplectic isotopy classes of nodal pseudo- 
holomorphic curves. For C* as above, let C* = UjC* be the decomposition into irre- 
ducible components. Then there exist J*-holomorphic parameterizations u* : S{ — > B, 
u*(Si) = C*. Shrinking C*, if needed, we may assume that all Si are compact and smooth 
boundaries dSi, each consisting of finitely many circles. Note that the images of the 
boundary circles are imbedded in B and mutually disjoint. Further, we can also suppose 
that u* are L^-smooth up to boundaries dS^. Set S := USj and define u* : S — » B by 
u*\ s . := u*. Denote by Jg the complex structure on S induced by u* : S — > B from C*. 

Lemma 6.2.1. i) The set &(S,B) no d of those (u,Js,J) G &(S,B) for which the map 
u : S — > B is an immersion and the singularities of the image C := u(S) are only nodal 
points is open and dense in &(S,B) and is connected; 

H) For (u',J' s ,J f ) and {u",Jg,J") G ^(S,B) nod , sufficiently close to (u*,Jg,J*) G 
&{S,B), the pseudoholomorphic curves C := u'(S) and C := u'(S) are symplectically 
isotopic; 
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m) For a fixed J$ G J?s an d J G J? (B), the subspace of nodal curves in each of the 
spaces &(S;B,J), £P(S,Js;B), and &>(S,Js;B,J) is open and dense in thecorresponding 
space. 

Proof. By results of Section ||, the complement to £?(S,B) no d in &(S,B) is closed and 
consists of submanifolds of real codimension at least 2. This shows i) and implies £) . 
Part in) is obtained similarly. □ 



Definition 6.2.1. In the situation of Lemma 6.2.1 , we call C noc j = u(S) a maximal 
nodal deformation of C* and the number 5 of nodes on C noc j the nodal number of C* 
at the singular point G C*. In other words, a maximal nodal deformation is a nodal 
pseudoholomorphic curve obtained from C* = u*(S) by a (sufficiently small) generic 
deformation of the parameterization map u* : S —>■ X, C* = u*(S). 

Further, a canonical smoothing of C* is a J*-holomorphic curve C* obtained from a 
maximal nodal nodal deformation C noc j by smoothing of all nodes. We use the notion of 
canonical smoothing for both the construction and the resulting curve. Further, we shall 
always assume that a canonical smoothing C* is sufficiently close to C* with respect to 
the cycle topology. 



It follows immediately from Lemma \6.2.1\ that the symplectic isotopy class of a canonical 
smoothing of C* is well-defined. 

Proposition 6.2.2. Any two curves C\ and C\ obtained from C* by the construction 
of canonical smoothing are symplectically isotopic. Moreover, such an isotopy can be be 
carried out sufficiently close to the identity map. 

Note that the number 5(C noc j) of nodes on a maximal nodal deformation C no d of C* 
equals the nodal number 5(0, C*) of C* at 0. Observe also that one can smooth some 
number of nodes on C no d producing further symplectic isotopy classes. It is easy to show 
that these new classes are determined by the set of the nodes on C no d which are smoothed. 
We conjecture that these are all possible symplectic isotopy classes of nodal curves in a 
neighborhood of C* with respect to the cycle topology. 

Conjecture 2. (Local symplectic isotopy problem for nodal curves). Let J* be a C 2 - 
smooth ou st -tame almost complex structure inBcl 4 and C* C B a J* -holomorphic curve 
with a unique isolated singular point at G B and without multiple components. Assume 
that J is an almost complex structure in B which is C 0,a -smooth for a > and sufficiently 
close to J* with respect to the C 0,a -topology. 

Then any nodal J -holomorphic curve C sufficiently close to C* with respect to the cycle 
topology is symplectically isotopic to a J* -holomorphic curve obtained from a maximal 
nodal deformation C no d of C* by smoothing some number of nodes on C no d . 

We give a proof the conjecture for the case of imbedded curves. Observe that here we 
have only one candidate, namely the canonical smoothing. 

Theorem 6.2.3. In the situation described in Conjecture 2, let be J* -holomorphic 
curve obtained by the canonical smoothing of C* . 

Let J be an almost complex structure on B sufficiently close to J* with respect to the 
C°' a -topology and C an imbedded J -holomorphic C sufficiently close to C* with respect 
to the cycle topology. Then there exist a homotopy J t which is C° -sufficiently close to J* 
and connects J* with J, and an isotopy Ct of J t -holomorphic curves which connects 
with C and is sufficiently close to C* with respect to the cycle topology. 
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The proof will be given after some preparatory results. We shall always assume that 
the hypotheses of the theorem are fulfilled. Denote by S the real surface parameterizing 
C. In other words S is the curve C, considered as real oriented surface without complex 
structure. 

Our first observation is that the theorem holds in the case when C* and the approx- 
imating curve C are holomorphic in the usual sense. The result is well-known, see e.g. 
|[Mil| 1 . Its proof is based on the main advantage of the holomorphic case: the fact that one 
can represent a holomorphic curve as the zero divisor of a holomorphic function. 

Lemma 6.2.4. Let f* be a holomorphic function in the ball B in C 2 whose zero divisor 
is a holomorphic curve C* with a single singular point at G B and without multiple 
components. Assume that f* and C* are sufficiently smooth also at the boundary dB. 
Then 

i) a canonical smoothing C is obtained as the zero divisor of a sufficiently small per- 
turbation f of /*; 

ii) for two generic sufficiently small perturbations f\ and f'2 of f* their zero divisors 
Cq and G\ are non-singular and holomorphically isotopic, i.e. can be connected by a 
homotopy consisting of holomorphic non-singular curves Ct- 

Denote by 5* the nodal number of C* at G C*. We may assume inductively that the 



claim of Theorem |6. 2. 3| holds for all curves C which satisfy the hypotheses of the theorem 
but have the nodal number 5(C) at G C which is strictly less than 5*. Further, we 
assume that 5* ^ 2, since otherwise 5* = 1 and G C* is a nodal point, the case covered 
by Paragraph \5.4 ■ 



Recall that by the theorem of Micallef and White (see Lemma \1.2. 1\ ) in a neighborhood 
of G B there exists a C 1 -diffeomorphism ip of B C M 4 such that <^(0) = 0, y?*(J*(0)) = J st , 
the standard complex structure in R 4 = C 2 , and such that <p(C*) is a J st -holomorphic 
curve. Obviously, we may also assume that dip : TqB — > TqB is the identity map. This 
means that the form ip*u st coincides with u st at G B, (f*(uJst)\T B = u sti anc ^ similarly 
</?*( J*(0)) = J*(0) = J st . Consequently, v 9 *(<^*) is w st -tame in a sufficiently small ball B(r), 
r<l. Let us fix such a radius r. 

Moreover, since C* C B is imbedded outside 0, we can additionally assume that ip is 
smooth outside G B. 

Below, we translate the original situation by means of such tp and work with a holomor- 
phic curve ip(C*)P\B{r). This leads to the difficulty that <p*(J*) is apriori only continuous 
at G B(r). This requires an additional control on the behavior of pairs (C,J) G &(B) 
approximating (C*,J*). 

Lemma 6.2.5. Let [u n ,Js, n ,Jn) G &(S,B) be a sequence such that J n converges to J* 
in the C 0,Q -topology with < a < 1, and C n := u n (S) converges to C* with respect to the 
cycle topology and with respect to the L 1 ' 13 -topology near boundary dC n = u n (dS). Further, 
let ip : B — ► B be the diffeomorphism introduced above. Then for all sufficiently big n 

i) u n : S — » B is an imbedding; 

ii) there exists a sequence J* of C -smooth almost complex structures in B such that 

• u n are (Js,n, J^) -holomorphic; 

• <p*(Jn) converges to J st in the C° -topology in B{r) and in the C°' a -topology outside 
G B(r). 



PSEUDOHOLOMORPHIC CURVES AND THE SYMPLECTIC ISOTOPY PROBLEM 



Proof. The first part follows from Lemma \1.2.3j , applied to a smaller ball B(p), p < 1, 
and curves C*(lB(p), C n nB(p). 

Define as the pull-back of J st with respect to cp, J* := <p*(J s t)- Then the second part 
is equivalent to the convergence J* — > J" in the appropriate topology. 

Fix some sufficiently small e > 0. Since J*(0) = J st = J^(0), there exists a positive 
radius p Cr such that || J* — J"||c°(B(p)) < e - This implies that \\J n — J^\\c°{b{ p )) < £ for 
all sufficiently big n. 

Now observe that in B\B(p) we have the C 1,ot convergence C n — > C* . In particular, 
in B\B{p) we have (^'"-convergence of tangent bundles TC n — > TC*. This implies that 
for n 3> 1 we can extend every J n from B(p) to B(r) as a C^-smooth structure J* which 
is defined along C n and obeys the estimate 

\\ J n- J %°(c n nB(r)) <e, (6.2.1a) 

ll^-^ tt ||co^(c n n(B(r)\B(2p))) <£ (6.2.1b) 

Finally we extend the constructed J* from C n UB(p) to the whole ball B preserving the 
estimates (|6.2.1| ). □ 

Remark. In fact, below we shall merely make use of the weaker C°-convergence <f*{Jn) ~^ 
J st . The Holder C 0,a -convergence J n — > J* was used only to provide the C°-convergence of 
tangent bundles TC n — > TC* outside G C*. In particular, it would be sufficient to have 
only C°-convergence J n — > J* in B and the C 0,a -convergence outside G B. On the other 
hand, in the case when the convergence J n — > J* is better, say in the C £ -topology with 
non-integer i > 1, we could achieve just as as well the C £ -convergence in B(r) outside 0. 



Lemma |6. 2. 5| insures that we can reduce the problem to the case when C* is holomorphic 



in the usual sense, i.e. with respect to the structure J st . Further, observe that for the 



proof of Theorem |6.2.3| it is sufficient to show that for any sequence (u n , Js,n, Jn) satisfying 
the hypotheses of Lemma |6.2.5| the curves C n := u n (S) are symplectically isotopic to 
for )i>l. An equivalent problem is to show that (p(C n ) are symplectically isotopic to 
(fiiC^) in B(r). Thus we can replace our initial objects by their ^-images in B(r). For 
the sake of simplicity we maintain the original notations for these new objects, e.g. B for 
B(r), C* and C n for respectively <p(C*)nB(r) and <p(C n )nB(r), J* and J n for respectively 
<p*(J*)\B( r ) an d V J *(^n)ls( r ), and so on. On the other hand, J 5t and u st remain the standard 
structures in B. Observe that now we have the weaker C°-convergence J n — > J*. 

Imbed B in CP 2 in the standard way so that J st becomes the standard integrable 
structure, still denoted by J st . Then we can extend u to a global symplectic form on CP 2 
taming J st . We maintain the notation u for this extension. 

We claim that C* also extends to CP 2 as a compact closed pseudoholomorphic curve. 
Moreover, we claim that there exists an extension C* with the following properties 

• all irreducible components of C* are rational, i.e. parameterized by the sphere S* 2 ; 

• except for the original singularity at G C*, all new singularities are only nodal 
points. 

Indeed, every irreducible component of C* C B is parameterized by a holomorphic map 
Ui = Ui(z) : A —>■ B with «j(0) = 0. For every Ui(z) we take the Taylor polynomials uf\z) 
of degree d chosen sufficiently high to satisfy the following conditions: 

• every uf\z) is non-multiple; 

• the images uf\&) are pairwise distinct holomorphic discs. 
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Then every uf\z) can be considered as an algebraic map f\ from CP 1 = S 2 to CP 2 . 
Making a generic perturbation of fa outside B, we obtain desired curve C* C CP 2 as the 
union of the images fi(S 2 ) of the perturbed maps. Observe that d appears as the degree 
of every component C* := fi(S 2 ). 

Lemma 6.2.6. There exist an almost complex structure J* and points x a on C* satisfying 
the following conditions: 

(a) the points x a are pairwise distinct, and there are exactly 3d — 1 of them on every 
component C* ; 

(b) J* is C -smooth and u-tame, C* is J* -holomorphic, and J* coincides with J* on B; 

(c) any J* -holomorphic curve C which 

— passes through the fixed points x a ; 

— is sufficiently close to C* with respect to the cycle topology; 

— has the same number of singular points as C* ; 

* has a singular point x' G C with the nodal number 5* at x' 
must coincide with C* . 

The last property asserts that every pseudoholomorphic curve C ^ C* with the prop- 
erties (c) except (*) has simpler singularities than C*. So the induction assumption can 
be applied to such a C . 

Proof. We use the results of Sections || and £J Fix non-singular points x a on C* such that 
condition (a) is fulfilled. Let cCj be the (3d— l)-tuple of the points lying on the component 
C*. Denote by the space of pairs (C',J'), where J' G and C is J'-holomorphic 
curve C satisfying properties (c) except (*). Then by the genus formula ( |1.2.1|) any such 
curve C has only rational irreducible components C^, the number of which is the same 
as for C*, and the degree of every component C[ is d. This means that is the fiber 
product of the spaces ^(S 2 ,CP 2 ,d,Xi) of rational pseudoholomorphic curves of degree d 
in CP 2 passing through cc^. The product is taken over the space ^ of almost complex 
structure in CP 2 . By the transversality technique of Section [|, the space a Banach 
manifold. To compute the Fredholm index of the natural projection 7r' ' ^ : — > J? 
observe that the expected dimension of rational J-holomorphic curves in CP 2 of degree 
d passing through 3d — 1 fixed distinct points is 0. This implies that the index of the 
projection 7r^ : ^M' — > J? is also 0. 

Further, by results of Section ^ the condition (*) defines a proper C £ -smooth submani- 
fold ^* in of finite codimension, say m. Consequently, the index of the corresponding 
projection ny := ir'j-^* : ^t* — > J? is negative. Using the transversality technique of 
Section ^ we can construct a C^-smooth submanifold Y C ^* of dimension m such that 

• (C*,J*) G Y for some J* obeying the condition (b) of the lemma; 

• Y is transversal to ^#*; 

• the restricted projection t^'j\y '■ Y — > J? is an imbedding. 

Then (C*, J*) is an isolated point of the intersection Y fl^#*. But this means that J* has 
the desired properties. □ 



Below we shall need a property which is a bit sharper than (c) in Lemma 6.2.C. . Roughly 
speaking, it claims that one can recover a pseudoholomorphic curve C in B knowing its 
part (S\B(i))nC. 
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Definition 6.2.2. Denote by A the spherical annulus B\B(^). It is a closed subset of 
the closed unit ball B C CP 2 . For closed subsets Y 1 ,Y 2 C CP 2 we denote by dist A (>i, ^2) 
the Hausdorff distance between Y\ fl A and Y 2 fl A, 

dist A (y!,y 2 ) :=dist(y 1 nA,y 2 n^), 

if both Y\ fl A and Y 2 fl A are non-empty. The standard distance function in CP 2 is used 
as the base. If exactly one of the set YiDA is empty, we set dist a(Yi, Y 2 ) : = diam(CP 2 ). 
If Y 1 n A = Y 2 n A = 0, we define dist a(*i,*2) := 0. We call dist ,4 the A-distance. 

It is easy to see that dist ^ is only a pseudo-distance function, i.e. it is non-negative, 
symmetric, and has the triangle inequality property, but does not distinguish all closed 
subsets Yi ^ Y 2 C CP 2 in general. It turns out that it induces the cycle topology on the 
set of pseudoholomorphic curves lying in a sufficiently small dist^-neighborhood of C* 
provided only C 1 -smooth almost complex structures J are used. More precise statement 
is given in 

Lemma 6.2.7. There exists an e > with the following property. 

Let J G J? be a C 1 -smooth almost complex structure which satisfies the condition 
|| J — J*\\c°(C¥ 2 ) ^ £ ond C a J -holomorphic curve which is homologous to C* and satisfies 
the condition dist a (C,C*) ^ e. Then for any sequence J n of continuous almost complex 
structures J n converging to J in the C° '-topology , \\J n — J||c°(cp 2 ) — ► 0, and any sequence 
of J n -holomorphic curves C n the condition dist^C^C) — > implies that C n converges 
to C in the cycle topology. 

Proof. Consider a sequence of almost complex structures J n in CP 2 which converges to 
J* in the C°-topology, and a sequence C n of closed J n -holomorphic curves homologous 
to C*, for which limdist A{C n ,C*) = 0. Then J n are o; st -tame for all n> 1. Hence we 
can apply the Gromov compactness theorem (see Theorem |5.J.J| ). This means that some 
subsequence, still denoted C n , converges to a J*-holomorphic curve C + with respect to 
the cycle topology. The condition limdistA(C n ,C'*) = implies that distA(C + ,(7*) = 0, 
which means that C* (~)A = C + (~)A. 

Observe now that by the construction of C* every irreducible component C* of C* meets 
the interior Int(A) of A. By the unique continuation property of pseudoholomorphic curves 
proven in Lemma \1.2.3[ i), every component C* is contained in C + . Thus C* C C + . Since 
C + is homologous to C*, we must have equality C* = C + . This means that Cn converges 
to C* in the cycle topology. In particular, for every sufficiently big n every irreducible 
component of C n meets the interior Int(A) of A. 

The latter property shows that the same argumentation can be used if we replace C* 
by any C n with n^> 1 and the lemma follows. □ 

Now we are ready to complete the 
Proof of Theorem 6.2. 3| . It follows from the construction of the extension C* that the 



sequence (C„, J n ) can be extended to a sequence (C n , J n ) such that J n is a sequence of u- 
tamed almost complex structures in CP 2 converging to J* and C n is a sequence of compact 
(i.e. closed) J ra -holomorphic curves converging to C*. Moreover, we may additionally 
assume that the curves C n pass through the marked points x for all sufficiently big n. 

Observe that all C n are symplectically isotopic. We denote by S the closed oriented 
real surface parameterizing C n . It can be obtained from the surface S parameterizing C n 
by gluing in discs to fill out the holes in S. 
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Fix a sequence of homotopies { j n ,t}te[o,i] °f almost complex structures with the following 
properties: 

• all J n t are C^-smooth and depend C £ -smoothly on t; 

• every initial structure J ni o is J n ; 

• for some small Eq > the structures J n>t are integrable in B for all t G [1 — £o, 1]; 

• as n goes to infinity, the structures J Ujt converge to J* in the C°-topology uniformly 
in t G [0,1], i.e. 

lim sup || J n>t - J*||co(cp 2 ) = 0; 



• the homotopy {J n ,t }te[o,i] is generic for every n. 

Now let us try to deform continuously every C n inside a family J njt -holomorphic curves 
preserving the isotopy class. Since we want to control also the local isotopy class we must 
impose the condition that the curves in the family lie sufficiently close to C* . Apriori, it 
can occur that such a curve does not exist for all t G [0,1]. Nevertheless, we can find the 
maximal subinterval where such a family of curves exists. Moreover, we allow that under 
the deformation some nodal points appear. Let us formalize this observation. 

Proposition 6.2.8. Fix a sufficiently small s > 0. Then for every n>l there exists a 
t+ G (0, 1] which is maximal with respect to the following condition: 
For any t <t£ there exists a J n j-holomorphic curve C nt t such that 

• C n ,t passes through the fixed points x on CP 2 ; 

• the curve C' nt , obtained from C nyt by smoothing of all singular points contained in 
B , is symplectically isotopic to C n ; 

• d\st A (C ntt ,C*) <e. 

Recall that for t sufficiently close to 1 the structures J nit are integrable in B. So if i+ = 1 
for some n, then for some t close to 1 we obtain a holomorphic curve C n ,t '■ — C n ^ Pi B 
whose smoothing is symplectically isotopic to the original curve C n . In this case Theorem 
follows from Lemma \6.2.^ . We claim that it is always the case for n ^> 1 . 



To show this, let us analyze the possible reasons which could cause the strict inequality 
i+ < 1 for a given n>l. Consider an increasing sequence of parameters t v approaching to 
t+. Then there exists a sequence of J n)tu -holomorphic curves C rittv with the properties from 
Proposition \6.2.£\ . In particular, all G n ^ v are homologous to C*. Taking a subsequence, we 
may assume that C n ,u converges to a J n ^-holomorphic curve C£ in the cycle topology. 
Note d ist a (C^C**) ^ e by our construction. By Lemma |6.2. 7j , C£ is sufficiently close to 
C* also with respect to the cycle topology. Consequently, near every nodal point of C* 
there is exactly one nodal point of C+. 

Observe that C£ has no singular point s+ G C£ with the nodal number ^ 5* at sc+. 
Indeed, otherwise we can repeat the argumentation from the proof of Lemma ^>.2.$ and 
show that must consist of rational components the number of which is the same as 
that for C* . But the expected dimension of such curves in the space with a 

singular point of this type is negative and less then —1. So the existence of x+ G with 
<5(x+,(7+) ^ 5* contradicts the genericity of the path J n>t . Thus all singularities of (7+ 
are simpler than those of C*. By the induction assumption, the curve C' n obtained as the 
canonical smoothing of all singular points of contained in B is symplectically isotopic 
to C n . 
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Let u\ : £+ — > CP 2 be a normal parameterization of (see Definition |5.2.3| ). Consider 
the relative moduli space ^h n ,x(S^, CP 2 ) of fo n (t) = J nj rholomorphic curves which are 
parameterized by S£, are in the homology class [C*], and pass through the fixed points x. 
This space is non-empty since it contains (C+,£+). Theorem \4.5.3j provides that for some 
interval t G [^n)^n + ] with £+ + > we can construct a path of J n r holomorphic curves 
C n ± which lies in ^h„,x(S^ ,CP 2 ) and starts at C+. Then the curves obtained from such 
C n .t by smoothing of all singular points contained in B will be symplectically isotopic to 
C n . Moreover, if we would additionally have the strict inequality dist ^((5+, C**) < e, then 
d\stA(C n ,t,C*) < £ for some t &]t+,t+ + [, and this would contradict the maximality of £+. 

Thus we may assume that dist^ (C^,C*) = e for every n. Then for every n>lwe can 
fix t~ € [0,t£] an d a </ n>i --holomorphic curve C nt - which has properties from Proposition 



6.2.8 and satisfies the additional condition 



Taking a subsequence, we may assume that C n t - converges to a J-holomorphic curve C + 
in the cycle topology. Then 

£ -^d\st A {C + ,&)^e. 



By Lemmas \6.2.6\ and \6.2. 7f , C + must have simpler singularities than C* provided the 
constant e was chosen small enough. By the induction assumption, the curve C obtained 
by canonical smoothing of all singular points of C + lying in B is symplectically isotopic to 
every C n , as also to every C nt -. On the other hand, J* coincide in B with the standard 

structure J st . Thus C := C' H B is a canonical smoothing of C* by Lemma \6.2.4 . 
6.3. Global symplectic isotopy in CP 2 . In this paragraph give 

Proof of Theorem )/3.1.2\ . We proceed by making appropriate modifications of the argu- 
mentation used in the proof of Theorem 6.2.3j . Let £ be an imbedded surface in CP 2 of 
degree d ^ 6, such that cj st | E is non-degenerate. By Proposition \6.1.3j , to prove the the- 
orem it is sufficient to show that S is symplectically isotopic to a non-singular algebraic 
curve of degree d. 

Find an cu st -tame almost complex structure Jo making S a J -holomorphic curve, de- 
noted by Co. Fix 3d — 1 distinct points x = (x±,... ,xsd-i) on Co. Perturbing Co and 
the points, we may assume that xi,... ,xsd-i are in generic position with respect to the 
standard structure J st in the following sense. For any positive degree d! ^ d and any 
closed oriented surface S, not necessary connected, the moduli space ^j suX (S,CP 2 ;d') of 
J st -holomorphic (and hence algebraic) curves of degree d' with normalization S passing 
through a; is a (possibly empty) complex space of the expected dimension. 

Fix a generic path h(t) of u; st -tame almost complex structures J t '■= h(t) connecting J 
with J st = J\. Without loss of generality we may assume that all J t are C^-smooth and 
depend C^-smoothly on t. 

Proposition 6.3.1. There exists a t + e (0,1] which is maximal with respect to the fol- 
lowing condition: 

For any t <t + there exists a J t -holomorphic curve Ct such that 

i) C t passes through the fixed points x on CP 2 ; 

ii) C t is non-multiple, but not necessarily irreducible; 

Hi) the curve C[, obtained from Ct by smoothing of all singular points, is symplectically 
isotopic to Co- 



90 



V. SHEVCHISHIN 



To prove the theorem, we must show that t + = 1 and that there exist a J st -holomorphic 
curve C\ with the properties i)-£) in the proposition. 

Let t n be an increasing sequence converging to t + . Fix J 4n -holomorphic curves C n with 
these properties. Property a) implies that the C n have the same degree d. Going to a 
subsequence we may assume that they converge to a J t +-holomorphic curve C + in the 
cycle topology. 

We claim that C + contains no multiple components. To show this, it is sufficient to 
consider only the case when C + has only two components and C 2 with multiplicities 
mi = 1 and m 2 = 2 respectively. Let di be the degree of Gf , so that di + 2d 2 = d. Then 
the geometric genus of every Cj is at most gi ^ MziK^zHl. gy the genericity of the 
path h(t) = J f , each Ci can contain at most hi ^ 3^ — 1+^ ^ rf »K+ 3 ) of the fixed points x, 
see Paragraph [2^. Thus C + can contain at most ^ d 1 (d 1 +3)+d 2 {d 2 +3) p j n ^ s j s eaS y ^ 
show that for d ^ 6 this number is strictly less then 3d — 1. For example, in the worst case 
with d = 6, d\ = 4, and <i 2 = 1 we would have on C + at most 4 ' ( - 4 2 +3 ' > + 1 ' ( - 1 2 +3 ^ = 14 + 2 = 16 
the marked points x instead of the necessary 3-6 — 1 = 17. Observe, that this argument 
remains valid also in the case t + = 1 and J\ = J st . 

Now the results of Paragraph show that the curve C obtained from C + by the 
canonical smoothing of all singular points is symplectically isotopic to Co- This implies 
the theorem in the case t + = 1 . Indeed, in this case C + is the zero divisor of a homogeneous 
polynomial F + of degree d. Making a generic perturbation of coefficients of F + we obtain 
a polynomial F' whose zero divisor is an algebraic (and hence J st -holomorphic) curve C 
which is symplectically isotopic to C . 

In the case t + < 1 we must show that for some t ++ > t + there exists a J t ++-holomorphic 



curve C ++ with the properties given in Proposition 6.3.1 . To do this we fix a normal 
parameterization u + : S + C + C CP 2 (see Definition [5.2.3| ) and consider the relative 
moduli space ^h,x{S + ,CP 2 ,d) of J t = /i(t)-holomorphic curves which are parameterized 
by S + , pass through x and have the degree d. This space is non-empty because it contains 
C + . The results of Paragraph £0| imply that for some interval t G with t+ + > t+ 

we can construct a path of Jj-holomorphic curves Ct which lies in ^ h>x (S + ,C^ 2 \d) and 
starts at C + . By Paragraph the have the the properties i)-iii) from Proposition 
6.3. 1 . This contradicts the maximality of t + and implies the statement of Theorem 

□ 

Remark. In fact, the real homotopy C t from Co = S to an algebraic curve C\ has the 
property described in Paragraph |6'.J| . Namely, after fixing a generic homotopy h(t) = J t , 
one tries to construct any path C t of imbedded J t -holomorphic curves C t . Such a path 
exists for some interval t G [0,t'). The saddle point property proven in Paragraph |4.5| 
removes the main difficulty in the construction of Ct- the presence of local maxima in the 
corresponding moduli space j& . This means that at end of this interval, when t — > t', 
the curves C t go to infinity in . By Gromov compactness, going along some sequence 
t' n — > t', we approach a J^-holomorphic curve C lying on some infinity stratum of ^£ 
parameterized by a new moduli space . As we have shown in the proof, one can 
avoid the strata corresponding to curves with multiple components. Now we continue 
to deform C as a path C' t along having in mind that the canonical (in fact, any) 
smoothing of singular points of C' t gives curves symplectically isotopic to Cq. The new 
path C' t continues until we come to the next infinity stratum of jtf , and so on. 

We finish the paper with a remark on Conjecture 2 about the local symplectic isotopy 
problem for nodal curves. The proof of this result would follow from the corresponding 
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result for holomorphic curves, which is essentially a local version of the Severi problem, see 
Proposition |6.L3| . Indeed, the proof of Theorem ]p.2.3\ could be applied after appropriate 



modification. 

Conjecture 3. (Local Severi-Harris problem) . Let C* be a holomorphic curve in the ball 
B C C 2 with a unique isolated singular point at G B and without multiple components. 

Then any nodal holomorphic curve C C B sufficiently close to C* with respect to the 
cycle topology is holomorphically isotopic to a holomorphic curve obtained from a 
maximal nodal deformation C noc j of C* by smoothing some number of nodes on C no d- 

In view of the main results of this paper, the validity of Conjecture 3, and hence of 
Conjecture 2, seems quite plausible. 
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